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Physics
Recent measurements of the proton radius using the Lamb shift in muonic hydrogen are
troublingly discrepant with values extracted from hydrogen spectroscopy and electron-proton
scattering experiments. This discrepancy, which differs by more than five standard devia-
tions, may be a signal of new physics caused by a violation of lepton universality. Another
candidate for a new physics signal is the muon anomalous magnetic moment. The mea-
surement at BNL differs from the standard model prediction by at least three standard
deviations. Motivated by these two puzzles, first we use polarized lepton-nucleon elastic
scattering to search for a new scalar boson, and furthermore we suggest new measurements
of the nucleon form factors. Next, we display a method to analyze the beam dump experi-
ments without using approximation on phase space, and we use it to constrain all possible
new spin-0 and spin-1 particles, and a variety of other measurements to study the possibility
of the new physics. Finally, assuming a new scalar boson can solve the two puzzles simulta-
neously, we present a general model-independent analysis and constrain the existence of the
new physics.
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1Chapter 1
INTRODUCTION
Interest in a new light bosons arises from recent studies of the proton radius using the
Lamb shift in the 2S1/2−2P3/2 transition in muonic hydrogen [1, 2]. The value of the proton
radius was reported to be 0.84087(39) fm, whereas the CODATA (2014) value [3] 0.8751(61)
fm differs by five standard deviations. The major difference between these two reported
data is that the former extracts the proton radius from muonic hydrogen and the latter
from electronic hydrogen and electron-proton scattering experiments. Although the different
proton radius may arise due to subtle lepton-nucleon non-perturbative effects within the
standard model [4, 5] or the extraction mehthod from electron scattering [6], it could also
be a signal of new physics caused by a violation of lepton universality. A new boson which
couples preferably to the muon and proton [7] could be the explanation.
Another candidate for a new physics signal is the muon anomalous magnetic moment,
defined as aµ =
(g−2)µ
2
. The measurement at BNL [8] differs from the standard model
prediction by at least three standard deviations1
∆aµ = a
exp
µ − athµ =(287± 80)× 10−11 [9] (1.1)
=(261± 78)× 10−11 [10] (1.2)
where the different values depend on the choice of lowest order hadronic contribution. This
discrepancy is also possibly explained by the same new physics as in the proton radius puzzle.
Motivated by these two muonic puzzles, we look for new physics as a possible solution. In
the first example (chapter 2), lepton-nucleon elastic scattering experiments, using the one-
photon and one-scalar-boson exchange mechanisms considering all possible polarizations, is
1The experimental and the standard model uncertainty are 63× 10−11 and ' 49× 10−11, respectively.
2used to study searches for a new scalar boson. We show that the scalar boson produces
relatively large effects in certain kinematic region when using sufficient control of lepton and
nucleon spin polarization. Furthermore we suggest new measurements of the nucleon form
factors. We generalize current techniques to measure the ratio GE/GM and present a new
method to separately measure G2M and G
2
E using polarized incoming and outgoing muons.
In chapter 3, we investigate beam dump experiments used to search for for new physics.
Beam dump experiments have been used to search for new particles with null results inter-
preted in terms of limits on masses mφ and coupling constants . However these limits have
been obtained by using approximations [including the Weizsa¨cker-Williams (WW) approx-
imation] or Monte-Carlo simulations. We display methods to obtain the cross section (for
all spin-0 and spin-1 particles) and the resulting particle production numbers without using
approximations or Monte-Carlo simulations. We show that the approximations cannot be
used to obtain accurate values of cross sections. The corresponding exclusion plots differ
by substantial amounts when seen on a linear scale. To understand the impact of a discov-
ery, we generate pseudodata (assuming given values of mφ and ) in the currently allowed
regions of parameter space. The use of approximations to analyze the pseudodata for the
future experiments is shown to lead to considerable errors in determining the parameters.
Furthermore, we find that a new region of parameter space can be explored without using
one of the common approximations, mφ  me. Our method can be used as a consistency
check for Monte-Carlo simulations.
In chapter 4, we assume that the existence of a new particle, φ, resolves the source of
these two puzzles. To study this hypothetical φ, we present a systematic method to analyze
the parameter space of the new physics. For spin-0 and spin-1 particles, the only possible
candidate is scalar boson because the pseudoscalar and axial-vector bosons have contribution
to (g−2)µ with the wrong sign, and the vector boson contribution to the proton radius puzzle
is ruled out by the hyperfine splitting of muonic hydrogen. Using a variety of measurements,
we constrain the mass of the new scalar boson and their couplings to the electron, muon,
neutron, and proton. Making no assumptions about the underlying model, these constraints
3and the requirement that it solve both problems limit the mass of the bosons to between
about 100 keV and 100 MeV. We identify unexplored regions in the coupling constant-mass
plane to be covered by experiments. Potential future experiments and their implications for
theories with mass-weighted lepton couplings are discussed.
A conclusion is presented in chapter 5.
4Chapter 2
POLARIZED LEPTON-NUCLEON ELASTIC SCATTERING
2.1 Introduction
Lepton-nucleon elastic scattering is important both in theory and experiment. The use of
polarization techniques has yielded much new information. In this chapter, we study lepton-
nucleon elastic scattering using the one-photon and one-scalar-boson exchange mechanism by
considering all possible polarizations. The differential cross sections are calculated in a gen-
eral reference frame. There are two applications of our results. The first one is searching for
a new light scalar boson. The second one, using only the one-photon exchange contribution,
is to provide new ways to measure the nucleon form factor: generalizing current techniques
to measure the ratio GE/GM and presenting a new method to separately measure G
2
M and
G2E using polarized incoming and outgoing muons.
It is known that a light scalar boson with mass around 1 MeV is a candidate to explain
both proton radius and muon anomalous magnetic moment puzzles simultaneously [5, 7, 11].
The non-relativistic potential between lepton and nucleon caused by exchange of a scalar
boson is written as
Vφ(r) = −glgN
4pi
e−mφr
r
= lNVEM(r)e
−mφr, (2.1)
where mφ is the mass of the scalar boson; gl and gN are scalar bosons coupling to lepton and
nucleon, respectively;  = g/e is the relative coupling strength. We adopt the constraints in
[7] that for mφ = 1 MeV
e . 2.3× 10−4, p = µ . 1.3× 10−3, n . 6.7× 10−5. (2.2)
The potential of the scalar boson is suppressed by lN and an exponentially decay factor
5comparing with the Coulomb potential. The fact that the potential of the scalar boson is
intrinsically much smaller than the Coulomb potential makes it hard to find this new boson.
There are proposals to search for the light scalar boson, such as a direct detection method
[11]. In this chapter, we study the cross section of elastic lepton-nucleon scattering caused
by one-photon and one-scalar-boson exchange. Since the muon is much heavier than the
electron, the lepton mass can not be neglected, as is done for electron-proton scattering. The
two-photon exchange contribution is expected (from perturbation expansion) and measured
to be at a few percent level compared with one-photon exchange (OPE) [12, 13, 14, 15].
Therefore, the effect of one-scalar-boson exchange must be greater than few percent of OPE
to be observed. We consider unpolarized and polarized elastic scattering cross sections.
We find the following two cases that for certain kinematic regions where the effects of the
scalar boson are dominant and potentially observable: electron-neutron cross section with
incoming and outgoing electrons polarized, and muon-neutron cross section with incoming
and outgoing neutrons polarized.
There are several facilities that can measure the lepton-nucleon elastic scattering, for
electron, such as JLab, and for muon, MUSE at PSI and the J-PARC muon facility. Based
on our results and the current experimental setup and capability [16, 17], although the polar
angle resolution is sufficient, the kinematic region where scalar bosons may have significant
effects is beyond the current polar angle measured range; the electron-neutron scattering is
more promising than muon-neutron scattering due to the high intensity of the electron flux.
Further estimates and discussions are in section 2.4.2 and 2.4.3.
The polarized cross section with one-photon exchange is used to measure the Sachs form
factors, GM and GE [18, 19, 20]. The standard technique of measurement is using elastic
electron-nucleon scattering using the following experiments: unpolarized Rosenbluth sepa-
ration [21], polarized lepton beam and nucleon target, and polarized lepton beam and recoil
nucleon. The latter two experiments, using the ratio technique (also known as polarization
transfer method), were first developed in [22] and later discussed in more detail in [23]. We
explore other possible ways to determine form factors by including lepton masses and other
6lepton polarization configurations different from conventional ones. In section 2.5.1, we gen-
eralize the current method to measure the ratio of form factors, GE/GM , by including lepton
mass, non-longitudinal lepton polarization, and more polarization configurations (polarized
one lepton and one nucleon, either they are incoming or outgoing). In section 2.5.2, we
present a new method to measure G2E or G
2
M directly for certain kinematic conditions in
elastic muon-nucleon scattering cross section with polarized incoming and outgoing muons.
The outline of this chapter is as follows. In section 2.2, we set up the formalism needed
to compute cross sections. In section 2.3, the cross sections are calculated in a general
reference frame with all possible polarizations, and the massless lepton limit is slso discussed.
In section 2.4, we show that there are two cases in which the scalar boson is potentially
observable: electron-neutron cross section with incoming and outgoing electrons polarized,
and muon-neutron cross section with incoming and outgoing neutrons polarized. In section
2.5, comparing with the current method, we give a more general result for the ratio of
form factors, GE/GM , by including lepton mass, non-longitudinal lepton polarization, and
more polarization configurations. We also discuss new measurements to selectively obtain
the contribution from G2E or G
2
M in the cross section with polarized incoming and outgoing
muons. A discussion is presented in section 2.6.
2.2 Setup
The elastic lepton-nucleon scattering process is denoted as
l(p1, s1) +N(p2, s2)→ l(p3, s3) +N(p4, s4), (2.3)
where l and N stand for lepton and nucleon; p and s are momentum and spin polarization;
the number 1, 2, 3, and 4 label the incoming lepton, incoming nucleon, outgoing lepton, and
outgoing nucleon. This notation is used throughout the entire paper. In the lowest order,
we consider the interaction by exchanging a scalar boson or a photon between the lepton
and the nucleon. There are three contributions to the cross section: one-photon exchange,
one-scalar-boson exchange, and the interference terms.
72.2.1 Kinematics
In the nucleon rest frame (lab frame), we choose the the coordinate such that p1 is along z
axis and p3 is in x-z plane to exploit the symmetry. With these choices, all the kinematics
quantities which we need can be expressed in terms of only two variables, |p1| and the scat-
tering angle θ. The scattering angle is an angle between outgoing and incoming lepton, and
defined as cos θ = pˆ1· pˆ3. In the lab frame, the external momenta and space-like momentum
transfer q can be expressed as follows
p1 = |p1|zˆ, E1 =
√
|p1|2 +m2l , p2 = 0, E2 = mN , (2.4)
p3 =
(m2l + E1mN) cos θ + (E1 +mN)
√
m2N −m2l sin2 θ
(E1 +mN)2 − cos2 θ|p1|2 |p1|pˆ3, (2.5)
pˆ3 = sin θxˆ+ cos θzˆ, (2.6)
E3 =
(E1 +mN)(m
2
l + E1mN) + cos θ|p1|2
√
m2N −m2l sin2 θ
(E1 +mN)2 − cos2 θ|p1|2 (2.7)
p4 = p1 − p3, E4 = E1 +mN − E3, (2.8)
q = p1 − p3 = p4 − p2, (2.9)
q2 =
2|p1|2mN(mN + E1 sin2 θ − cos θ
√
m2N −m2l sin2 θ)
(E1 +mN)2 − cos2 θ|p1|2 . (2.10)
We use the mostly-plus metric, so that q2 > 0 if q is space-like. If we take spin polarization
into account, each polarized particle needs two angular variables to specify the spin direction,
see section 2.2.3 below.
2.2.2 Dynamics
The scalar boson interacts with leptons and nucleons through Yukawa couplings
Lφ ⊃ −1
2
(∂φ)2 − 1
2
m2φφ
2 + elφψ¯lψl + eNφψ¯NψN , (2.11)
where  = g/e; gl and gN are Yukawa couplings between lepton-scalar and nucleon-scalar. In
general, the couplings gl and gN can be either positive and negative. There are two lowest
order diagrams: one-photon and one-scalar-boson exchange, see figure 2.1.
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p3
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p4−→q
Figure 2.1: The tree level amplitudes of lepton-nucleon elastic scattering: the single (double)
line on the left (right) denotes lepton (nucleon); the wavy (dashed) line denotes photon (scalar
boson).
The amplitude squared is given by
|T |2 = e2l e2N
(
Iγγ + λIγφ + λ
2Iφφ
)
, (2.12)
where el and eN are U(1)EM couplings of leptons and nucleons, respectively; λ and Ixy using
the mostly-plus metric are given by
λ(q2) =lN
q2
q2 +m2φ
(2.13)
Iγγ =
1
q4
Tr(u3u¯3γµu1u¯1γν)Tr(u4u¯4V
µu2u¯2V
ν) (2.14)
Iγφ =
1
q4
[
Tr(u3u¯3γµu1u¯1)Tr(u4u¯4V
µu2u¯2)
+ Tr(u3u¯3u1u¯1γµ)Tr(u4u¯4u2u¯2V
µ)
]
(2.15)
Iφφ =
1
q4
Tr(u3u¯3u1u¯1)Tr(u4u¯4u2u¯2) (2.16)
V µ(q) =F1(q
2)γµ − i
2mN
F2(q
2)σµνqν (2.17)
where mφ is mass of the scalar boson; σ
µν = i
2
[γµ, γν ]; F1(q
2) and F2(q
2) are the form factors
of nucleon U(1)EM coupling. In general, there is a form factor, F3(q
2), of scalar-nucleon
9coupling, however, it always appears with gN , therefore we can include it into the constraint
of gN .
2.2.3 Polarization
The product of spinors uu¯ in the mostly-plus metric is given by
uu¯ =
1
2
(1− γ5/s)(−/p+m) (2.18)
where s is the spin polarization which satisfies s· p = 0 and s2 = 1. We can solve for the spin
polarization using the two constraints
s = z
E√
m2 + |p|2 sin2 α
( |p|
E
cosα, sˆ
)
, (2.19)
where α and β are the polar and azimuthal angle of s with respect to p; cosα = pˆ· sˆ; z = ±1
and becomes helicity if the particle is longitudinally polarized.
The polarization of leptons and nucleons in the lab frame in the coordinate system we
chose can be expressed as
sˆi = sinαi cos βixˆ+ sinαi sin βiyˆ + cosαizˆ for i =1 or 2 (2.20)
sˆ3 = sinα3 cos β3(yˆ × pˆ3) + sinα3 sin β3yˆ + cosα3pˆ3
=(sinα3 cos β3 cos θ + cosα3 sin θ)xˆ+ sinα3 sin β3yˆ
+ (− sinα3 cos β3 sin θ + cosα3 cos θ)zˆ (2.21)
sˆ4 =(sinα4 cos β4 cos θ
′ − cosα4 sin θ′)xˆ+ sinα4 sin β4yˆ
+ (sinα4 cos β4 sin θ
′ + cosα4 cos θ′)zˆ (2.22)
where θ′ is angle between p4 and p1; cos θ′ = pˆ4· pˆ1 = |p1|−|p3| cos θ√
E24−m2N
.
There are two important special cases. For transverse polarization αT =
pi
2
, sT = z(0, sˆ).
For longitudinal polarization αL = 0,
sL = z
E
m
( |p|
E
, pˆ
)
. (2.23)
This is useful for a light lepton because if its mass is small compared with the beam energy,
the light lepton is naturally longitudinally polarized.
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2.2.4 Massless Particle
The massless lepton limit is important for electron scattering or the high energy limit. In
general, naively taking ml → 0 in physical quantities does not give us the correct result (see
section 2.3.4 below), because the longitudinal polarization (2.23) blows up. The correct way
to take the limit is to set the polarization to be longitudinal, sµ → pµ/ml, then take the
massless limit. Then the product of spinors (2.18) becomes
uu¯ = −1
2
(1 + zγ5)/p (massless), (2.24)
where z = ±1 is the helicity of the lepton.
2.3 Cross Section
Combining with the amplitude squared (2.12), the differential cross section in a general
reference frame is
dσ
dΩ
= A(Iγγ + λIγφ + λ
2Iφφ) =
(
dσ
dΩ
)
γγ
+
(
dσ
dΩ
)
γφ
+
(
dσ
dΩ
)
φφ
, (2.25)
where
A =
α2
4
|p3|
|E2p1 − E1p2|
[
E1 + E2 − E3 (p1 + p2)· pˆ3|p3|
]−1
. (2.26)
In the lab frame, the kinematic factor A becomes
Alab =
α2
4mN
|p3|
|p1|
[
E1 +mN − E3 |p1||p3| cos θ
]−1
. (2.27)
In (2.25), it is worth mentioning that the pure one-photon or one-scalar-boson exchange
contribution,
(
dσ
dΩ
)
γγ
and
(
dσ
dΩ
)
φφ
, is always greater or equal to zero, whereas the interference
term
(
dσ
dΩ
)
γφ
can be positive or negative depending on the signs of Yukawa couplings g.
2.3.1 Unpolarized
The cross section (2.25) is proportional to Iγγ, Iγφ, and Iφφ, so it is sufficient to show these
three I’s instead of full cross section. We will use superscript to indicate which particle is
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polarized, e.g., I1,4 means incoming lepton and outgoing nucleon are polarized, I1,2,3,4 stands
for fully polarized, etc. The unpolarized I’s are defined as
Iu =
(
1
2
∑
z1
)(
1
2
∑
z2
)∑
z3
∑
z4
I1,2,3,4 (2.28)
where the superscript u refers to unpolarized. In a general reference frame,
Iuγγ =
G2E + τG
2
M
1 + τ
(
R2 − 1 + τ
τ
)
+G2M
(
2− m
2
l
τm2N
)
(2.29)
Iuγφ = −2GER
ml
τmN
(2.30)
Iuφφ =
1 + τ
τ
(
1 +
m2l
τm2N
)
(2.31)
where GM and GE are Sachs form factors
GM(q
2) = F1(q
2) + F2(q
2), GE(q
2) = F1(q
2)− τF2(q2); (2.32)
τ = q
2
4m2N
is defined in the usual way1; R depends on Mandelstam variables2
R =
u− s
t
=
(p1 + p3)· p2
(p1 − p3)· p2 = −
4p1· p2
q2
− 1. (2.33)
As an example, in the lab frame, Rlab =
E1+E3
E1−E3 , with massless lepton limit (ml → 0), the
Rosenbluth cross section is (
dσ
dΩ
)
Rosenbluth
=
(
AIuγγ
)
lab,ml→0 . (2.34)
The interference term (2.30) is proportional to lepton mass ml. The interference term for
muon is about two order of magnitude bigger than for electron, see figure 2.2.
2.3.2 Partially Polarized
There is no contribution to cross section if only one particle is polarized in exchanging one-
photon and one-scalar-boson. The reason is the following. The parity flips momentum and
1Note that there is no minus sign in mostly-plus metric, and τ > 0 if q is space-like.
2s = −(p1 + p2)2, t = −(p1 − p3)2 = −q2, and u = −(p1 − p4)2.
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time reversal flips momentum and angular momentum. One can only flip spin polarization
by combining parity and time reversal, and it is equivalent to change the overall sign of the
polarization. Therefore, if the theory conserves PT , the spin asymmetry part can depend
only on product of even number of spin polarizations to remain invariant under PT . For
example, if we polarize three particles, there is no term depending on the product of all
three polarizations, but there are terms depending on product of two polarizations, see
section 2.3.3. On the other hand, one can consider an interaction which breaks time reversal
to have an additional dependence on odd number of spin polarizations, such as exchanging
a Z boson. In conclusion, in exchanging a photon and a scalar boson, one needs to polarize
at least two particles to have a spin dependent part.
One Lepton and One Nucleon Polarized
First we study the case that one lepton and one nucleon are polarized (each lepton and
nucleon can be incoming or outgoing). In order to combine all four cases into one expression
I i,j, we require that the first superscript, i, to be lepton (1 or 3); the second superscript, j,
to be nucleon (2 or 4).
I i,j = ai,j
∑
zk
∑
zl
I i,j,k,l = ai,j
[
Iu + siµs
j
ν(J
i,j)µν
]
(2.35)
where Iu is the unpolarized part; i, j are particle labels and not summed; ai,j takes care of
the factors 1
2
due to the difference between average or sum over initial or final states
ai,j =

1 if (i, j) = (1, 2)
1
2
if (i, j) = (1, 4) or (3, 2)
1
4
if (i, j) = (3, 4)
(2.36)
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or more compactly ai,j =
(
1
2
) i+j−3
2 . The results are
(J i,jγγ )
µν =2
ml
mN
GM
[
bjF2
(p2 + p4)
µqν
q2
− GE
τ
(
gµν − q
µqν
q2
)]
(2.37)
(J i,jγφ)
µν =2GM
[
R
(
gµν − q
µqν
q2
)
+
(p2 + p4)
µ(p1 + p3)
ν
q2
]
(2.38)
(J i,jφφ)
µν =0 (2.39)
where bj depends only on nucleon label
bj =
1 if j = 2−1 if j = 4 (2.40)
or more compactly bj = (−1) j2+1. The expression of (J i,jγγ )µν (2.37) is the most compact form
we found. However, the following expression for (J i,jγγ )
µν
(J i,jγγ )
µν = 2
ml
mN
GM
1 + τ
[
bjGM
(p2 + p4)
µqν
q2
−GE
(
2bj
pµj q
ν
q2
+
1 + τ
τ
gµν − q
µqν
τq2
)]
(2.41)
is more useful for measuring the Sachs form factors, GM and GE, by polarized method, which
is discussed in section 2.5.
It is worth noticing that it seems that in the massless lepton limit (J i,jγγ )
µν vanishes,
however it is not true because there is another ml in the denominator when the lepton spin
polarization becomes longitudinal (2.23). Therefore, this expression is well-behaved in the
massless limit. We discuss the massless limit in detail in section 2.3.4.
Incoming and Outgoing Leptons Polarized
For polarized incoming and outgoing leptons, the observable quantity is
I1,3 =
(
1
2
∑
z2
)∑
z4
I1,2,3,4 =
1
2
(1 + s1· s3)Iu + s1µs3ν(J1,3)µν . (2.42)
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The results are
(J1,3γγ )
µν =−G2Mgµν + 2
G2E + τG
2
M
1 + τ
(
qµqν
2τq2
− p
{µ
2 p
ν}
4 +Rq
[µ
p
ν]
2
q2
)
(2.43)
(J1,3γφ )
µν =2
ml
τmN
GE
q
[µ
p
ν]
2
q2
(2.44)
(J1,3φφ )
µν =− 1 + τ
τ
qµqν
q2
(2.45)
where the curly and square brackets are symmetrization and anti-symmetrization notation
p{µqν} = pµqν + pνqµ, p[µqν] = pµqν − pνqµ. (2.46)
The expression in terms of (J1,3γγ )
µν is the most compact form we found. The following
expression of I1,3γγ
I1,3γγ =
1
2
Iuγγ + s
1
µs
3
ν
{
− 1
2
G2M
m2l
τm2N
gµν + 2
G2E + τG
2
M
1 + τ
[
gµν
4
(
R2 − 1 + τ
τ
)
+
qµqν
2τq2
− p
{µ
2 p
ν}
4 +Rq
[µ
p
ν]
2
q2
]}
(2.47)
is useful to show that G2M and G
2
E are separated, as unpolarized case, in spin asymmetry
part. By choosing kinematics conditions, we can separately measure G2E or G
2
M . Further
discussions are in section 2.5.2.
Incoming and Outgoing Nucleons Polarized
For polarized incoming and outgoing nucleons,
I2,4 =
(
1
2
∑
z1
)∑
z3
I1,2,3,4 =
1
2
(1 + s2· s4)Iu + s2µs4ν(J2,4)µν . (2.48)
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The results are
(J2,4γγ )
µν =−G2M
(
gµν − m
2
l
τm2N
qµqν
q2
+ 2
pµ1p
ν
1 + p
µ
3p
ν
3
q2
)
− F 22 τ
(
R2 − 1 + τ
τ
)
qµqν
q2
+ 2GMF1
qµqν +Rq
[µ
p
ν]
1
q2
(2.49)
(J2,4γφ )
µν =− 2 ml
mN
(
F2R
qµqν
q2
+
GM
τ
q
[µ
p
ν]
1
q2
)
(2.50)
(J2,4φφ )
µν =−
(
1 +
m2l
τm2N
)
qµqν
q2
. (2.51)
The asymmetry part of I2,4γγ contains the GMGE cross term, therefore it is harder to use it
to measure the form factors separately.
2.3.3 Fully Polarized
From the argument at the beginning of section 2.3.2, the fully polarized cross section depends
on the product of even number of spin polarizations. One can separate the unpolarized and
16
partially polarized contributions, then leave the part which depends on all four polarizations,
I1,2,3,4γγ =−
1
4
[
5 + s1· s3 + s2· s4 + (s1· s3)(s2· s4)] Iuγγ
+
1
2
[
(1 + s2· s4)I1,3γγ + (1 + s1· s3)I2,4γγ
]
+
1
4
I1,2γγ +
1
2
(I1,4γγ + I
3,2
γγ ) + I
3,4
γγ
+ 2G2Ms
1
µs
2
νs
3
ρs
4
σ
{
− F
2
2
G2M
qνqσ
q2
(
qµqρ
2q2
− τ p
{µ
2 p
ρ}
4 +Rq
[µ
p
ρ]
2
q2
)
− F1
GM
[
(p2 + p4)
{µgρ}[νqσ] +Rq[µgρ][νqσ]
4q2
+
qµqνqρqσ + q
[µ
p
ρ]
2 q
[ν
p
σ]
1
q4
]
+
gµνgρσ + gµσgνρ
4
+
q[µgσ][νqρ] + gν[µqρ]pσ1 + g
σ[µqρ]pν3
2q2
}
(2.52)
I1,2,3,4γφ =− Iuγφ +
I1,3γφ I
2,4
γφ
Iuγφ
+
1
4
I1,2γφ +
1
2
(I1,4γφ + I
3,2
γφ ) + I
3,4
γφ
− s1µs2νs3ρs4σGM
ml
τmN
(
q[ρgµ][νqσ]
2q2
+
2
R
q
[µ
p
ρ]
2 q
[ν
p
σ]
1
q4
)
(2.53)
I1,2,3,4φφ =
I1,3φφ I
2,4
φφ
Iuφφ
. (2.54)
2.3.4 Massless Lepton Limit
As we discussed in section 2.2.4, naively taking the limit ml → 0 does not yield correct
results. Only some results are still safe when we take the limit ml → 0, such as Iu, I i,jγγ , I2,4,
etc. We discuss the general massless lepton limit in this section.
For a lepton of negligible mass, from either direct calculation or conservation of angular
momentum, the interference term Iγφ vanishes for all cases. Therefore it is sufficient to
display Iγγ and Iφφ.
1. The unpolarized Iu is safe in the limit ml → 0,
Iuγγ =
G2E + τG
2
M
1 + τ
(
R2 − 1 + τ
τ
)
+ 2G2M (2.55)
Iuφφ =
1 + τ
τ
. (2.56)
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2. For one lepton and one nucleon polarized,
I i,j = ai,j
∑
zk
∑
zl
I i,j,k,l = ai,j
[
Iu − zisjµ(J j)µ
]
(2.57)
the result can also be obtained by setting the lepton polarization to be longitudinal
siµ → piµ/ml then taking ml → 0 limit,
(J jγγ)
µ =GM
[
bjF2R
qµ
mN
− GE
τ
(p1 + p3)
µ
mN
]
(2.58)
(J jφφ)
µ =0. (2.59)
3. For incoming and outgoing leptons polarized, one can not directly take the limit ml →
0, but the results are
I1,3γγ =
1
2
(1 + z1z3)Iuγγ (2.60)
I1,3φφ =
1
2
(1− z1z3)Iuφφ. (2.61)
4. For incoming and outgoing nucleons polarized, it is safe to take the limit ml → 0,
I2,4 =
(
1
2
∑
z1
)∑
z3
I1,2,3,4 =
1
2
(1 + s2· s4)Iu + s2µs4ν(J2,4)µν . (2.62)
The results are
(J2,4γγ )
µν =−G2M
(
gµν + 2
pµ1p
ν
1 + p
µ
3p
ν
3
q2
)
− F 22 τ
(
R2 − 1 + τ
τ
)
qµqν
q2
+ 2GMF1
qµqν +Rq
[µ
p
ν]
1
q2
(2.63)
(J2,4φφ )
µν =− q
µqν
q2
. (2.64)
5. Finally, for fully polarized case, the result is much simpler than (2.52)
I1,2,3,4γγ =− Iuγγ +
1
2
(1 + z1z3)I2,4γγ +
1
4
I1,2γγ +
1
2
(I1,4γγ + I
3,2
γγ ) + I
3,4
γγ (2.65)
I1,2,3,4φφ =
I1,3φφ I
2,4
φφ
Iuφφ
. (2.66)
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2.4 Searching for a Scalar Boson
If we want to see a new physics signal in elastic lepton-nucleon scattering using one photon
and one-scalar-boson exchange, it needs to be greater than two-photon exchange (TPE)
contribution since TPE is not fully understood because of the internal nucleon propagator.
The TPE contribution, which is the next leading order contribution of the standard model,
is generically suppressed by one more fine structure constant α than one-photon exchange.
Therefore, the contribution involving scalar boson,
(
dσ
dΩ
)
γφ
and
(
dσ
dΩ
)
φφ
, must be greater than
at least few percent of
(
dσ
dΩ
)
γγ
to be detected.
We adopt the constraints in [7] that for mφ = 1 MeV
e . 2.3× 10−4, p = µ . 1.3× 10−3, n . 6.7× 10−5. (2.67)
Therefore, recall (2.13), |λ| . 10−6. In general, ( dσ
dΩ
)
γφ
and
(
dσ
dΩ
)
φφ
are suppressed by λ and
λ2 with respect to the leading standard model contribution
(
dσ
dΩ
)
γγ
, respectively. Although
it seems to be hard to observe scalar boson in elastic scattering, we still find some kinematic
regions where the scalar boson may be found. This is because for such kinematic region,(
dσ
dΩ
)
γγ
goes or approaches to zero, whereas
(
dσ
dΩ
)
γφ
and
(
dσ
dΩ
)
φφ
go or approach to zero slower
and eventually dominate. Those regions are usually narrow in parameter space and hard to
measure due to polar angle measuring range and flux intensity.
2.4.1 Unpolarized, One Lepton and One Nucleon Polarized
The unpolarized differential cross section for |p1|=100 MeV is shown in figure 2.2. One
can see that generally
(
dσ
dΩ
)
γφ
and
(
dσ
dΩ
)
φφ
are suppressed by |λ| . 10−6 and |λ2| . 10−12,
respectively. Also, there is about two orders of magnitude enhancement in
(
dσ
dΩ
)
γφ
if the
lepton is muon instead of electron. This can be understood by
(
dσ
dΩ
)
γφ
containing ml
mN
factor in
(2.30). We do not observe any kinematic region, which depends only on θ for the unpolarized
case, for the scalar boson to be observable.
For one lepton and one nucleon polarized, by examining the parameter space (θ, αi, βi, αj, βj),
we do not find any kinematic region where the effect of the scalar boson is significant either.
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Figure 2.2: Unpolarized differential cross section in the lab frame for |p1|=100 MeV: the
solid, dashed, and dotted lines correspond to
(
dσ
dΩ
)
γγ
,
(
dσ
dΩ
)
γφ
, and
(
dσ
dΩ
)
φφ
, respectively. It
shows that
(
dσ
dΩ
)
γφ
and
(
dσ
dΩ
)
φφ
are in general suppressed by |λ| . 10−6 and |λ2| . 10−12,
respectively.
(
dσ
dΩ
)
γφ
with muon is greater about two order of magnitudes than
(
dσ
dΩ
)
γφ
with
electron, and it can be understood by
(
dσ
dΩ
)
γφ
containing ml
mN
factor in Eq. (2.30). Note that
there can be an overall minus sign in front of
(
dσ
dΩ
)
γφ
depending on the sign of λ.
(
dσ
dΩ
)
γγ
and(
dσ
dΩ
)
φφ
are always greater or equal to zero.
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2.4.2 Incoming and Outgoing Leptons Polarized
The differential cross section of polarized incoming and outgoing leptons in the lab frame
may be good for finding scalar boson in electron-neutron scattering. For helicity flip forward
scattering (α1 = 0, α3 = 180
◦, and θ → 0), although the differential cross section goes to
zero,
(
dσ
dΩ
)
γφ
and
(
dσ
dΩ
)
φφ
go to zero much slower than
(
dσ
dΩ
)
γγ
and dominate at small angle.
See figure 2.3, we can look for a bump to observe the scalar boson. One can find that |p1|
around 100 MeV may be a good choice. If |p1| is smaller,
(
dσ
dΩ
)
γγ
dominates; if |p1| is bigger,
the region where
(
dσ
dΩ
)
γφ
and
(
dσ
dΩ
)
φφ
dominate is closer to θ = 0 and the region where scalar
contribution dominates becomes narrower.
One facility to measure electron nucleon elastic scattering is the SoLID (Solenoidal Large
Intensity Device) in Hall A at JLab [16]. The polar angle resolution is around 1 mr, so the
precision is sufficient to find the bump. To estimate the production rate, the unpolarized
luminosity is 1.3× 1039 cm−2s−1 for LD2 target; the differential cross section is around 10−15
mb/sr for the scattering angle from 0◦ to 2◦ (figure 2.3 for |p1| = 100 MeV). Combining
everything above, it will be about 2 days for an event to occur.
Although the number seems promising, the experiment faces several obstacles: the polar
angle is outside the minimum equipment coverage range which is about 8◦; polarizing the
incoming electron reduces the luminosity; measuring the polarization of the the outgoing
electron is very difficult. Moreover, because the target is liquid deuterium, to separate
electron-neutron scattering signals from much bigger electron-proton scattering signals is
difficult. The differential cross section for electron-proton scattering blows up in the forward
direction, and it is about 10−4 (10−2) mb/sr around 1◦ (0.1◦).
2.4.3 Incoming and Outgoing Nucleons Polarized
The differential cross section of polarized incoming and outgoing nucleons in the lab frame
may be good for finding scalar boson in muon-neutron scattering in neutron rest frame. For
the spin polarization in the scattering plane (β2 = 0 and β4 = 0), one can choose α2 = 90.5
◦
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Figure 2.3: Elastic electron-neutron forward scattering with electron helicity flip (α1 = 0,
α3 = 180
◦, and θ → 0) in the lab frame: the upper and lower figures correspond to incoming
momentum |p1| = 100 MeV and 1 GeV; the blue, dashed red, dotted black, and thick green
lines correspond to
(
dσ
dΩ
)
γγ
,
(
dσ
dΩ
)
γφ
,
(
dσ
dΩ
)
φφ
, and total differential cross section, respectively.
There can be an overall minus sign in front of
(
dσ
dΩ
)
γφ
depending on the sign of λ; based on
the same reason, there are two green lines depending on the sign of λ.
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and α4 = 180
◦, then there is a region near 0◦ (depending on |p1|) where the contribution of(
dσ
dΩ
)
γφ
, and
(
dσ
dΩ
)
φφ
dominates. See figure 2.4, we can look for the shift of the local minimum
predicted by standard model. One can find that |p1| around 50 MeV may be a good choice.
If |p1| is smaller, the region which
(
dσ
dΩ
)
γφ
and
(
dσ
dΩ
)
φφ
dominate is closer to θ = 0; if |p1| is
bigger,
(
dσ
dΩ
)
γγ
dominates.
For MUSE at PSI [17], the polar angle resolution is around 1 mr, which is a sufficient
precision to observe the shift of the local minimum if we combine muon-neutron and anti-
muon-neutron scattering. To estimate the production rate, the muon unpolarized flux about
2 × 105 Hz at momentum 115 MeV; the target LD2 has thickness 4 cm and density 162.4
kg/m3; the differential cross section is around 10−9 mb/sr for the scattering angle from 1.0◦
to 1.2◦ (figure 2.4 for |p1| = 50 MeV). Combining all numbers above, it will take about 1000
years for an event to occur.
The main obstacles for this experiment is that the intensity of muon flux is much smaller
than electron flux. It also suffers from other difficulties: the polar angle is outside the
equipment coverage 20◦ to 100◦; because the target is liquid deuterium, to separate muon-
neutron scattering signals from much bigger muon-proton scattering signals is difficult (the
differential cross section is about 106 mb/sr around 1.1◦).
2.5 Measuring GE and GM
In this section, we generalize and discuss the currently used methods [18, 19, 20], and examine
alternative ways to measure form factors when incoming and outgoing leptons are polarized.
2.5.1 Polarize One Lepton and One Nucleon
From (2.41), one can choose kinematics conditions such that the spin asymmetry part,
P i,j = I i,jγγ − ai,jIuγγ = ai,jsiµsjν(J i,j)µν , (2.68)
can selectively receive G2M or GMGE contributions. In the lab frame, if the spin polariza-
tion vector sj of nucleon is perpendicular or parallel to momentum transfer vector q, their
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Figure 2.4: Elastic muon-neutron scattering for incoming and outgoing neutrons polarized
(α2, β2, α4, β4) = (90.5
◦, 0◦, 180◦, 0◦) in the lab frame: the upper and lower figures correspond
to incoming momentum |p1| = 100 MeV and 50 MeV; the thin blue, (solid and dashed) red,
dotted black, and thick green lines correspond to
(
dσ
dΩ
)
γγ
,
(
dσ
dΩ
)
γφ
,
(
dσ
dΩ
)
φφ
, and total differential
cross section, respectively. The solid and dashed red lines means they are differed by a minus
sign, and there can be an overall minus sign in front of
(
dσ
dΩ
)
γφ
depending on the sign of λ;
based on the same reason, there are two green lines depending on the sign of λ.
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corresponding contribution to asymmetry part of I i,jγγ are P
i,j
T and P
i,j
L ,
P i,jT =− 2ai,jGMGE
ml
τmN
si· sjT (2.69)
P i,jL =2a
i,jbjG2M
ml
mN
si· (p2 + p4)sjL· q
|q|2 , (2.70)
which leads to the most general from of so-called ratio technique or polarization transfer
method to measure the form factors,
GE
GM
= −bj
(
PT
PL
)i,j
τ
|q|2
si· (p2 + p4)sjL· q
si· sjT
. (2.71)
There are some special cases worth discussing.
1. If the lepton is longitudinally polarized,
si· (p2 + p4)sjL· q
si· sjT
=
|q|
pˆi· sˆjT
[
− 2mN(1 + τ) |pi|
Ei
+ (p1 − p3)· pˆi
]
. (2.72)
2. If sˆjT is in scattering plane,
pˆi· sˆjT =
|p1||p3|
|pi||q| sin θ. (2.73)
3. If lepton is massless,
2mN(1 + τ)
|pi|
Ei
− (p1 − p3)· pˆi =
ml→0
mN(E1 + E3)
Ei
(2.74)
4. Combining all the choices and limit above, (2.71) reduces to a familiar form3
GE
GM
= bj
(
PT
PL
)i,j
E1 + E3
2mN
tan
θ
2
, (2.75)
which is widely used today to measure form factors in elastic electron-nucleon scattering
[18, 19, 20].
The commonly used cases are (i, j) = (1, 2) or (1, 4) because the polarization of outgoing
lepton is harder to measure.
3In other literature, PT and PL usually stand for spin polarization transfer which is the spin asymmetry
part divided by spin symmetry part.
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2.5.2 Incoming and Outgoing Leptons Polarized
From (2.47), one can choose kinematics conditions such that the spin asymmetry part
P 1,3 = I1,3γγ −
1
2
Iuγγ =
1
2
s1· s3I + s1µs3ν(J1,3)µν (2.76)
can selectively receive G2M or G
2
E contributions. We do not find a compact algebraic form for
such condition, but one can numerically evaluate it. In figure 2.5, assuming |p1|=100 MeV
and the spin polarizations are in scattering plane, β1 = 0 and β3 = 0, we find the zeros of
G2M and G
2
E terms in P
1,3 of elastic muon-nucleon scattering.
As an example (see figure 2.6), consider |p1|=100 MeV and (α1, β1, α3, β3) = (135◦, 0◦, 45◦, 0◦),
for elastic muon-proton scattering, P 1,3 receives contribution only from G2E and G
2
M term at
64.794◦ and 168.508◦, respectively; for elastic muon-neutron scattering, P 1,3 receives contri-
bution only from G2E and G
2
M term at 64.798
◦ and 168.506◦, respectively.
In practice, although the angular resolution is sufficient to perform the experiment, how-
ever, this method to measure the form factors could be hard due to the fact that to polarized
and measure leptons to some specific non-longitudinal angle is not an easy task.
2.6 Discussion
In this chapter, we calculated the differential cross section of lepton-nucleon elastic scattering
using the one-photon and one-scalar-boson exchange mechanism for all possible polarizations
in a general reference frame. The expressions are shown in section 2.3. There are some
possible applications: finding a new scalar boson to resolve proton radius and muon g − 2
puzzles; generalizing the current methods to measure the ratio of the nucleon form factors,
GE/GM ; providing an alternative way to measure G
2
E and G
2
M directly.
The effects of new scalar boson are studied in section 2.4. We conclude that there are
two cases that the scalar boson is potentially observable. For elastic electron-neutron helicity
flip forward scattering with incoming and outgoing electrons polarized, the effects of scalar
boson are dominant and produce a bump, see figure 2.3. The optimistic estimates in section
2.4.2 show that the experiment is possible for current technology but faces several obstacles.
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Figure 2.5: Elastic muon-nucleon scattering for |p1|=100 MeV with polarized incoming
and outgoing muons in the scattering plane, β1 = 0 and β3 = 0, in the lab frame: One can
find the zeroes of G2M and G
2
E terms in P
1,3 denoted as the solid and dashed lines in the
figure,respectively; the thin black, red, and thick green lines correspond to α3 = 0
◦, 45◦,
and 90◦, respectively. The zeros for muon-proton and muon-neutron scattering are actually
different, but too small to distinguish in the figure.
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Figure 2.6: Elastic muon-nucleon scattering for |p1|=100 MeV with polarized incoming and
outgoing muons, (α1, β1, α3, β3) = (135
◦, 0◦, 45◦, 0◦): The solid and dashed lines represent
the positive and negative values, respectively; the black and green lines correspond to G2M
and G2E terms of P
1,3 of elastic muon-nucleon scattering cross section. The zeros of G2M and
G2E terms of P
1,3 for elastic muon-proton and muon-neutron scattering are very close but
different.
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For elastic muon-neutron scattering at small scattering angles using polarized incoming and
outgoing neutrons, the effects of scalar boson is significant and shifts the local minimum, see
figure 2.4. However, the optimistic estimates in section 2.4.3 show that unless the intensity
of muon flux can be dramatically increased, the experiment is impossible in the foreseeable
future.
In section 2.5.1, the current method to measure nucleon form factors, as known as ratio
technique or polarization transfer method, is generalized and shown in (2.71). The current
method is to polarize incoming electron and either polarize incoming or outgoing nucleons.
We generalize it such that one of the incoming and outgoing leptons is polarized, and one of
the incoming and outgoing nucelons is polarized. Also, in order to separate the contributions
of GMGE and G
2
M terms, the current method requires polarization vector of the nucleon s
j
to be either perpendicular or parallel to momentum transfer q, and neglects the lepton
mass and as a result the lepton polarization become longitudinal. In our expression, we
only require the kinematic condition that the nucleon sj is either perpendicular or parallel
to momentum transfer q. In conclusion, using our new expression, one can choose which
leptons and nucleons to be polarized; the lepton mass is included; the polarization of leptons
becomes two extra angular parameters in an experiment.
In section 2.5.2, in studying elastic muon-nucleon scattering with incoming and outgoing
muons polarized, we can separately measure the contributions of G2E and G
2
M . Although we
do not obtain a simple analytic expression, it is easy to evaluate the zeros of G2E and G
2
M
terms of spin asymmetry part of the cross section numerically, see figure 2.5. As an example
in figure 2.6, one can measure G2E and G
2
M directly, and the angle resolution of the current
facility is sufficient to perform the experiment. However, measuring the polarization of the
outgoing muon could be challenging.
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Chapter 3
BEAM DUMP EXPERIMENTS
3.1 Introduction
Beam dump experiments have been aimed at searching for new particles, such as dark photons
and axions (see, e.g. [24] and references therein) that decay to lepton pairs and/or photons.
Electron beam dumps in particular have received a large amount of theoretical attention in
recent years [25, 26]. The typical setup of an electron beam dump experiment is to dump an
electron beam into a target, in which the electrons are stopped. The new particles produced
by the bremsstrahlung-like process pass through a shield region and decay. These new
particles can be detected by their decay products, electron pairs and/or photons, measured
by the detector downstream of the decay region. Previous work simplified the necessary
phase space integral by using the Weizsa¨cker-Williams (WW) approximation [27, 28] which,
also known as method of virtual quanta, is a semiclassical approximation. The idea is that
the electromagnetic field generated by a fast moving charged particle is nearly transverse
which is like a plane wave and can be approximated by real photon. The use of the WW
approximation in bremsstrahlung processes was developed in Refs. [29, 30] and applied to
beam dump experiments in Refs. [25, 31]. The WW approximation simplifies evaluation of
the integral over phase space and approximates the 2 particle to 3 particle (2 to 3) cross
section in terms of a 2 particle to 2 particle (2 to 2) cross section. For the WW approximation
to work in a beam dump experiment, it needs the incoming beam energy to be much greater
than the mass of the new particle, mφ, and electron mass me.
The previous work [25] used the following three approximations:
1. WW approximation;
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2. a further simplification of the phase space integral, see Eq. (3.37);
3. mφ  me.
The combination of the first two approximations has been denoted [29] the improved WW
(IWW) approximation. The name “improved WW” might be somewhat misleading since the
procedure reduces the computational time but not to improve accuracy). In this paper, we
will focus on examining the validity of WW and IWW approximations. The third approxi-
mation used to simplify the calculation of amplitude, however, is not in our scope because it
is merely a special case by cutting off our results when mφ . 2me. Nevertheless, we should
point out that without using the third approximation we can use beam dump experiments
to explore a larger parameter space.
As an example, we use the beam dump experiment E137 [32] and the production of a
new boson, which we denote φ. To be general, we consider that the new boson could be
scalar, pseudoscalar, vector, or axial-vector.
The outline of this chapter is as follows. In section 3.2, we calculate the squared amplitude
for 2 to 3 and 2 to 2 processes. In section 3.3, the cross sections for the 2 to 3 and 2 to
2 processes are calculated in the lab frame without any approximation. In section 3.4, we
introduce the WW approximation. In section 3.5, we derive and compare the cross sections
with and without approximations. In section 3.6, we compare the number of new particles
produced in beam dump experiments with and without approximations. In section 3.8, we
assume that this new boson is observed and measured in beam dump experiment, determine
the mass and coupling constant, and compare the results with and without approximations.
A discussion is presented in section 3.9.
3.2 Dynamics
For simplicity, we assume that there is only one new boson φ, which only couples to electron
by a Yukawa interaction, i.e. the boson does not couple to other standard model fermions
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other than electron. The Lagrangian contains either one of the following interactions
LS = eφψ¯ψ
LP = iePφψ¯γ5ψ
LV = eV φµψ¯γµψ (3.1)
LA = eAφµψ¯γ5γµψ
where the subscripts S, P , V , and A correspond to scalar, pseudoscalar, vector, and axial-
vector, respectively;  = g/e, g is the coupling of the new boson, and e is the electric charge;
ψ is the electron field; γ5 = − i4!µνρσγµγνγργσ; we choose the convention that there is an
extra i in LP , such that P can be a non-negative number.
If mφ > 2me, the dominant new boson decay is to electron pairs
ΓS(φ→ e+e−) = 2S
α
2
mφ
(
1− 4m
2
e
m2φ
)3/2
ΓP (φ→ e+e−) = 2P
α
2
mφ
(
1− 4m
2
e
m2φ
)1/2
ΓV (φ→ e+e−) = 2V
α
3
mφ
(
1 +
2m2e
m2φ
)(
1− 4m
2
e
m2φ
)1/2
(3.2)
ΓA(φ→ e+e−) = 2A
α
3
mφ
(
1− 4m
2
e
m2φ
)3/2
,
where α is the fine structure constant.
If mφ < 2me, the dominant decay channel involves photons produced through the electron
loop. For spin-0 particles, they decay to two photons
ΓS,P (φ→ γγ) = 2S,P
α3
4pi2
m3φ
m2e
fS,P
(
m2φ
4m2e
)
(3.3)
where fP (τ) =
1
64τ2
∣∣∣ln [1− 2 (τ +√τ 2 − τ)]2∣∣∣2 and fS(τ) = 14τ2 ∣∣∣1 + (1− 1τ ) (sin−1√τ)2∣∣∣2.
For spin-1 particles, however, the two photon decay channel is forbidden by Landau–Yang
theorem [33, 34, 35]. Therefore, the dominant decay channel of the vector boson is 3 photon
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decay
Γ(φ→ γ1 + γ2 + γ3) = 1
64Spi3mφ
∫ mφ
2
0
dE1
∫ mφ
2
mφ
2
−E1
dE2|M|2 (3.4)
where S is the symmetry factor accounting for identical particles in the final state and in this
case S = 3!; E1 and E2 are energy of γ1 and γ2, respectively;M is the amplitude containing
6 diagrams. We express the decay rate in term of
mφ
me
expansion
ΓV (φ→ 3γ) = 2V
α4
273652pi3
m9φ
m8e
[
17
5
+
67
42
m2φ
m2e
+
128941
246960
m4φ
m4e
+O
(
m6φ
m6e
)]
. (3.5)
The leading term of this result agrees with [36], which used effective field theory.
For axial-vector, the 3 photon decay channel is further forbidden by the charge conjuga-
tion symmetry (similar with the argument of Furry’s theorem). Thus the dominant decay
channel of the axial-vector boson is 4 photon decay. There are 24 diagrams and the 4 body
phase space integral of the decay rate is done in Refs. [37, 38]. We express the result in term
of
mφ
me
expansion
ΓA(φ→ 4γ) = 2A
127α5
211385472pi4
m13φ
m12e
+O
(
m15φ
m14e
)
. (3.6)
3.2.1 2 to 3 production
The leading production process is the bremsstrahlung-like radiation of the new boson from
the electron, shown in figure 3.1,
e(p) + A(Pi)→ e(p′) + A(Pf ) + φ(k) (3.7)
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γ(q)
Figure 3.1: Lowest order 2 to 3 production process: e(p) + A(Pi) → e(p′) + A(Pf ) + φ(k).
A, γ, e, and φ stand for the target atom, photon, electron, and the new boson.
where e, A, and φ stand for electron, target atom, and the new boson, respectively. We
define the following quantities using the mostly-plus metric
s˜ = −(p′ + k)2 −m2e = −2p′· k +m2φ
u˜ = −(p− k)2 −m2e = 2p· k +m2φ
t2 = −(p′ − p)2 = 2p′· p+ 2m2e (3.8)
q = Pi − Pf
t = q2
which satisfy
s˜+ t2 + u˜+ t = m
2
φ. (3.9)
For definiteness, we assume the atom is a scalar boson (its spin is not consequential here)
so that the Feynman rule for the photon-atom vertex is
ieF (q2)(Pi + Pf )µ ≡ ieF (q2)Pµ (3.10)
where F (q2) is the form factor which accounts for the nuclear form factor [39] and the atomic
form factor [40]. Here, we only include the elastic form factor since the contribution of the
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inelastic one is much smaller and can be neglected in computing the cross section. The
amplitude of the process in figure 3.1 using the mostly-plus metric is
M23S = e2gS
F (q2)
q2
u¯p′,s′
[
/P
−(/p− /k) +me
−u˜ +
−(/p′ + /k) +me
−s˜ /P
]
up,s
M23P = ie2gP
F (q2)
q2
u¯p′,s′
[
/P
(/p− /k)−me
u˜
γ5 + γ5
(/p′ + /k)−me
s˜
/P
]
up,s
M23V = e2gV
F (q2)
q2
˜µk,λu¯p′,s′
[
/P
(/p− /k)−me
u˜
γµ + γµ
(/p′ + /k)−me
s˜
/P
]
up,s (3.11)
M23A = e2gA
F (q2)
q2
˜µk,λu¯p′,s′
[
/P
(/p− /k)−me
u˜
γ5γµ + γ5γµ
(/p′ + /k)−me
s˜
/P
]
up,s
where S, P , V , and A stand for scalar, pseudoscalar, vector, and axial-vector, respectively;
up,s is the electron spinor and s = ±1; ˜ is the polarization of the new spin-1 particle and
λ = 0, ±1. The polarization sum for the new massive spin-1 particle is
∑
λ
˜µk,λ˜
ν∗
k,λ = g
µν +
kµkν
m2φ
. (3.12)
After averaging and summing over initial and final spins, we have
|M23S,P |2 =
(
1
2
∑
s
)∑
s′
|M23S,P |2 = e4g2S,P
F (q2)2
q4
A23S,P
|M23V,A|2 =
(
1
2
∑
s
)∑
s′
∑
λ
|M23V,A|2 = e4g2V,A
F (q2)2
q4
A23V,A (3.13)
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Figure 3.2: Lowest order 2 to 2 production process: e(p) + γ(q) → e(p′) + φ(k). γ, e, and
φ stand for photon, electron, and the new boson.
where
A23S =−
(s˜+ u˜)2
s˜u˜
P 2 − 4 t
s˜u˜
(P · k)2 − (s˜+ u˜)
2
s˜2u˜2
(m2φ − 4m2e)
[
P 2t+ 4
(
u˜P · p+ s˜P · p′
s˜+ u˜
)2]
A23P =−
(s˜+ u˜)2
s˜u˜
P 2 − 4t
s˜u˜
(P · k)2 − (s˜+ u˜)
2
s˜2u˜2
m2φ
[
P 2t+ 4
(
u˜P · p+ s˜P · p′
s˜+ u˜
)2]
A23V =− 2
s˜2 + u˜2
s˜u˜
P 2 − 8t
s˜u˜
[
(P · p)2 + (P · p′)2 − t2 +m
2
φ
2
P 2
]
− 2(s˜+ u˜)
2
s˜2u˜2
(m2φ + 2m
2
e)
[
P 2t+ 4
(
u˜P · p+ s˜P · p′
s˜+ u˜
)2]
(3.14)
A23A =− 2
s˜2 + u˜2
s˜u˜
P 2 − 8t
s˜u˜
[
(P · p)2 + (P · p′)2 − t2 −m
2
φ
2
P 2
]
− 4m2e
(s˜+ u˜)2P 2 + 4t(P · k)2
m2φs˜u˜
− 2(s˜− u˜)
2
s˜2u˜2
(m2φ − 4m2e)
[
P 2t+ 4
(
u˜P · p+ s˜P · p′
s˜− u˜
)2]
.
3.2.2 2 to 2 production
For the 2 to 2 process in figure 3.2, a “subprocess” of the full 2 to 3 interaction,
e(p) + γ(q)→ e(p′) + φ(k). (3.15)
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With the same definition in Eq. (3.8), s˜, u˜, and t2 satisfy
s˜+ t2 + u˜ = m
2
φ (3.16)
and the amplitude in figure 3.2 is
M22S =egSµq,λu¯p′,s′
[
γµ
(/p− /k)−me
u˜
+
(/p′ + /k)−me
s˜
γµ
]
up,s
M22P =iegP µq,λu¯p′,s′
[
γµ
(/p− /k)−me
u˜
γ5 + γ5
(/p′ + /k)−me
s˜
γµ
]
up,s
M22V =egV µq,λ˜νk,λ′u¯p′,s′
[
γµ
(/p− /k)−me
u˜
γν + γν
(/p′ + /k)−me
s˜
γµ
]
up,s (3.17)
M22A =egAµq,λ˜νk,λ′u¯p′,s′
[
γµ
(/p− /k)−me
u˜
γ5γν + γ5γν
(/p′ + /k)−me
s˜
γµ
]
up,s
where  is the photon polarization vector and λ = ±1. The polarization sum for photon is
∑
λ
µq,λ
ν∗
q,λ = g
µν . (3.18)
After averaging and summing over the initial and final spins and polarization,
|M22|2S,P =
(
1
2
∑
s
)∑
s′
(
1
2
∑
λ
)
|M22S,P |2 = e2g2S,PA22S,P
|M22|2V,A =
(
1
2
∑
s
)∑
s′
(
1
2
∑
λ
)∑
λ′
|M22V,A|2 = e2g2V,AA22V,A (3.19)
where
A22S =−
(s˜+ u˜)2
s˜u˜
+ 2(m2φ − 4m2e)
[(
s˜+ u˜
s˜u˜
)2
m2e −
t2
s˜u˜
]
A22P =−
(s˜+ u˜)2
s˜u˜
+ 2m2φ
[(
s˜+ u˜
s˜u˜
)2
m2e −
t2
s˜u˜
]
A22V =4− 2
(s˜+ u˜)2
s˜u˜
+ 4(m2φ + 2m
2
e)
[(
s˜+ u˜
s˜u˜
)2
m2e −
t2
s˜u˜
]
(3.20)
A22A =4−
(
2 +
4m2e
m2φ
)
(s˜+ u˜)2
s˜u˜
+ 4(m2φ − 4m2e)
[(
s˜+ u˜
s˜u˜
)2
m2e −
t2
s˜u˜
]
.
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3.3 Cross Section
3.3.1 2 to 3
The cross section for the 2 to 3 process, see Eq. (3.7) and figure 3.1, in the lab frame is given
by
dσ =
1
4|p|M |M
2→3|2(2pi)4δ4(p′ + k − p− q) d
3p′
(2pi)32E ′
d3Pf
(2pi)32Ef
d3k
(2pi)32Ek
(3.21)
where M is the mass of the target atom. Integrating over p′ and changing the variable from
Pf to q, we have
dσ =
|M2→3|2
1024pi5|p|MEfE ′Ek δ(E
′ + Ek − E − q0)d3qd3k. (3.22)
In order to integrate over q, we choose the spherical coordinate (Q, θq, φq) where Q = |q|,
and θq and φq are the polar and azimuthal angles of q in the direction of V = k− p. First,
we use the remaining δ-function to integrate out Q, and then change variables from θq to t.
We obtain
dσ =
d3k
128pi4|p|V Ek
∫ tmax
tmin
dt
(
1
8M2
∫ 2pi
0
dφq
2pi
|M2→3|2
)
(3.23)
where V = |V|, t(Q) = q2 = 2M(√M2 +Q2 −M),
tmax = t(Q+), tmin = t(Q−), (3.24)
and
Q± =
V [u˜+ 2M(E ′ + Ef )]± (E ′ + Ef )
√
u˜2 + 4Mu˜(E ′ + Ef ) + 4M2V 2
2(E ′ + Ef )2 − 2V 2 . (3.25)
Integrate over the polar angle, θ, and azimuthal angle of k in the direction of p, and then
change the variable from |k| to x where x ≡ Ek/E. We have
dσ
dxd cos θ
=
|k|E
64pi3|p|V
∫ tmax
tmin
dt
(
1
8M2
∫ 2pi
0
dφq
2pi
|M2→3|2
)
= 2α3
|k|E
|p|V
∫ tmax
tmin
dt
F (t)2
t2
(
1
8M2
∫ 2pi
0
dφq
2pi
A2→3
)
. (3.26)
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3.3.2 2 to 2
The 2 to 2 cross section, see Eq. (3.15) and figure 3.2, in the lab frame is straightforwardly
expressed in terms of the amplitude,
dσ
d(p· k) = 2
dσ
dt2
=
|M2→2|2
8pis˜2
= 2α2
2pi
s˜2
A2→2. (3.27)
3.4 Weizsa¨cker-Williams Approximation
It is explained in Ref. [29] that the WW approximation relies on the incoming electron energy
being much greater than mφ and me, such that the final state electron and the new boson
are highly collinear. In that case the phase space integral can be approximated by
1
8M2
∫
dφq
2pi
A2→3 ≈ t− tmin
2tmin
A2→2t=tmin . (3.28)
With the WW approximation, Eq. (3.26) can be approximated to be
dσ
dxd cos θ
≈ 2α3 |k|E|p|V
A2→2t=tmin
2tmin
χ, (3.29)
where
χ =
∫ tmax
tmin
dt
t− tmin
t2
F (t)2. (3.30)
Using Eq. (3.27), we have
dσ
dxd cos θ
≈ αχ
4pi
|k|E
|p|V
s˜2
tmin
dσ
d(p· k)
∣∣∣∣
t=tmin
. (3.31)
Following the discussion in Refs. [25, 31], near t = tmin (when q and V = k−p are collinear),
we can approximate the following quantities
s˜ ≈ − u˜
1− x
u˜ ≈ −xE2θ2 −m2φ
1− x
x
−m2ex
t2 ≈ u˜x
1− x +m
2
φ (3.32)
V ≈ E(1− x)
tmin ≈ s˜
2
4E2
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Using Eq. (3.32), we arrive at the well-known equation [25, 31]
dσ
dxd cos θ
≈ αχ
pi
xE2β
1− x
dσ
d(p· k)
∣∣∣∣
t=tmin
(3.33)
where β =
√
1−m2φ/E2k . Note that in Eq. (3.33) dσ/d(p· k) is evaluated at t = tmin. So the
amplitude A2→2 in Eq. (3.27) evaluated at t = tmin using Eq. (3.32) is
A22S,t=tmin ≈
x2
1− x + 2(m
2
φ − 4m2e)
u˜x+m2φ(1− x) +m2ex2
u˜2
A22P,t=tmin ≈
x2
1− x + 2m
2
φ
u˜x+m2φ(1− x) +m2ex2
u˜2
A22V,t=tmin ≈2
2− 2x+ x2
1− x + 4(m
2
φ + 2m
2
e)
u˜x+m2φ(1− x) +m2ex2
u˜2
(3.34)
A22A,t=tmin ≈
4m2x2
m2φ(1− x)
+ 2
2− 2x+ x2
1− x + 4(m
2
φ − 4m2e)
u˜x+m2φ(1− x) +m2ex2
u˜2
.
3.5 Cross Section Comparison
To test approximations of the cross section for φ production, we examine three cases.
1. The complete calculation, Eq. (3.26),
dσ
dx
= 2α3
|k|E
|p|
∫ θmax
0
d cos θ
1
V
∫ tmax
tmin
dt
F (t)2
t2
(
1
8M2
∫ 2pi
0
dφq
2pi
A2→3
)
(3.35)
where θmax depends on the configuration of the detector. For beam dump E137, θmax ≈
4.4× 10−3.
2. WW: using the WW approximation, Eq. (3.28),(
dσ
dx
)
WW
= 22α3|k|E(1− x)
∫ θmax
0
d cos θ
A2→2t=tmin
u˜2
χ (3.36)
where θmax is the same as the first case and χ is defined in Eq. (3.30). Note that the
upper and lower limits of χ depend on x and θ.
3. Improved WW (IWW): If the upper and lower limits of the t-integral in χ in Eq. (3.36)
are not sensitive to x and θ; i.e., the integration limit can be set to be independent of x
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Figure 3.3: Cross section of a scalar boson production: The solid green, dashed red,
and dotted blue lines correspond to the differential cross section with no, WW, and IWW
approximation. The relative error of O is defined by (Oapprox. −Oexact)/Oexact.
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Figure 3.4: Cross section of a pseudoscalar boson production: See caption of figure 3.3 for
detail.
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Figure 3.5: Cross section of a vector boson production: See caption of figure 3.3 for detail.
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Figure 3.6: Cross section of a axial-vector boson production: See caption of figure 3.3 for
detail.
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and θ, we can further approximate the integration limits of t. Similar to the argument
in Ref. [25], we set
tmin =
(
m2φ
2E
)2
and tmax = m
2
φ +m
2
e (3.37)
which is valid when the production cross section is dominantly collinear with x close
to 1. The difference in tmax between [25] and our approach occurs because we do not
assume mφ  me. Therefore, we can pull χ out of the integral over cos θ. Then,
changing variables from cos θ to u˜ and extending the lower limit of u˜ to −∞,(
dσ
dx
)
IWW
= 2α3χ
|k|
E
1− x
x
∫ u˜max
−∞
du˜
A22t=tmin
u˜2
(3.38)
using Eq. (3.34) we have(
dσS
dx
)
IWW
=2Sα
3χ
|k|
E
m2e(2− x)2 − 2xu˜max
3u˜2max(
dσP
dx
)
IWW
=2Pα
3χ
|k|
E
m2ex
2 − 2xu˜max
3u˜2max(
dσV
dx
)
IWW
=22V α
3χ
|k|
E
m2ex(−2 + 2x+ x2)− 2(3− 3x+ x2)u˜max
3xu˜2max
(3.39)(
dσA
dx
)
IWW
=22Aα
3χ
|k|
E
[
m2ex(2− x)2 − 2(3− 3x+ x2)u˜max
3xu˜2max
+
2m2e(1− x)
u˜max(u˜max +m2ex)
]
where u˜max = −m2φ 1−xx −m2ex. We emphasize that the name “improved” means reduc-
ing the computational time (because of one fewer integral than in the WW approxi-
mation above) and does not imply more accuracy.
In figures 3.3–3.6, we show the cross sections in each of the above three cases for five values
of the new boson mass, setting the incoming electron beam energy to 20 GeV and the target to
be aluminum. The cross sections for different bosons are different, as expected, because they
have different dynamics; the relative errors with the same approximation between different
bosons are similar, also as expected, because the approximation deals with phase space
integral and the kinematics between different bosons are similar.
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Figure 3.7: The solid blue (dashed red) line is the right-hand (left-hand) side of Eq. (3.28)
evaluated (using scalar boson) at mφ = 1 MeV, E = 20 GeV, x = 0.9, and θ = 0. The WW
approximation works well at low t region but starts to fail at higher t.
In both approximations, the cross section is of the same order of magnitude as that using
the complete calculation. However, there are regions where there are O (1) relative errors.
The WW approximation (dashed red lines in figures 3.3–3.6) can differ from the complete
calculation by 100% when mφ . 1 MeV; in the IWW case (dotted blue lines in figures
3.3–3.6), the approximation starts to fail when mφ & 100 MeV.
It is worth noting that in figures 3.3–3.6 the differential cross section using WW approx-
imation is always greater than the complete calculation. This can be further understood by
Eq. (3.28) and an example in figure 3.7. The WW approximation works well at low t region
but starts to fail at higher t. The bigger cross sections obtained using the WW approxima-
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Figure 3.8: The solid blue (dashed red) line is the extra (losing) contribution when calculat-
ing the factor χ in Eq. (3.30). We evaluate the ratio of ∆χ+ Eq. (3.40) and ∆χ− Eq. (3.41)
to χ Eq. (3.30) (using scalar boson) at E = 20 GeV, x = 0.9, and θ = 2 × 10−2. We see
that the total chi using IWW approximation is smaller (bigger) in lower (higher) mφ than
chi with complete calculation. This also reflex to the differential cross section using IWW
approximation in figures 3.3–3.6.
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tion indicate that the integral over t picks up an extra contribution at large t where the WW
approximation using real photons fails.
On the other hand, the behavior of IWW approximation is more bizarre. In figures 3.3–
3.6, the differential cross section using IWW approximation can either be bigger or smaller
than the complete calculation. To explain this, first we notice that both tmin,IWW and
tmax,IWW in Eq. (3.37) are smaller than actual tmin and tmax in Eq. (3.24), therefore when
we calculate the factor χ in Eq. (3.30), there will be an extra contribution from the modified
lower bound
∆χ+ =
∫ tmin
tmin,IWW
dt
t− tmin
t2
F (t)2 (3.40)
and lose a contribution from the modified upper bound
∆χ− =
∫ tmax,IWW
tmax
dt
t− tmin
t2
F (t)2. (3.41)
We show an example in figure 3.8 that the total χ using IWW approximation lose more
contribution from ∆χ− than ∆χ+ gained in lower mφ region, and vice versa in higher mφ
region. Therefore we see in figures 3.3–3.6 that the differential cross section is smaller (bigger)
in lower (higher) mφ region than the differential cross section using complete calculation.
3.6 Particle Production
There are two characteristic lengths which are crucial in beam dump experiments. The first
is the decay length of the new particle in the lab frame,
lφ =
|k|
mφ
1
Γφ
, (3.42)
where Γφ = Γ(φ → e+e−) + Γ(φ → photons), see Eqs. (3.2,3.3,3.5,3.6). The new particle,
after production, must decay after going through the target and shielding and before going
through the detector in order to be observed. If the target is thick (much greater than a
radiation length), most of the new particles will be produced in the first few radiation lengths.
The production rate is approximately proportional to the probability e−Lsh/lφ(1− e−Ldec/lφ),
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where Lsh is length of the target and shield and Ldec is length for the new particle to decay
into electron or photon pairs after the shield and before the detector.
The second characteristic length is the absorption length
λ =
1
neσabs
, (3.43)
where ne is the number density of the target electrons and σabs is the cross section of ab-
sorption process. The leading process of absorption is
e(p) + φ(k)→ e(p′) + γ(q), (3.44)
which is related to the 2 to 2 production process Eq. (3.15) via crossing symmetry s˜ ↔ u˜.
Since Eq. (3.20) is symmetric in s˜↔ u˜, the algebraic form of amplitude squared of absorption
process is the same as Eq. (3.20) but differs by a factor 2 from summing over final state
instead of averaging over initial state in Eq. (3.19)
A22abs = cA22 (3.45)
where c = 2 for spin-0 and c = 2
3
for spin-1 particles.
The cross section of the process (3.44) is
dσ
dΩ
=
1
64pi2me
|q|
|k|
|M2→2abs |2
Ek +me − |k| cos θγ (3.46)
σabs =
pi2α2
me|k|
∫ 1
−1
d cos θγ
|q|A2→2
Ek +me − |k| cos θγ , (3.47)
where θγ is the angle between outgoing photon and incoming new particle. The new particle,
after produced, must not be absorbed by the target and shield to be detected. If the target
is thick (much greater than absorption length), the production rate will be approximately
proportional to the probability e−Lsh/λ.
The number of the new particles produced in terms of the cross section (without consid-
ering the absorption process) can be found in, e.g., Refs. [25, 31, 26]. Using the thick target
approximation and including the absorption process, we find
Nφ ≈ NeX
M
∫ E0
Emin
dE
∫ xmax
xmin
dx
∫ T
0
dtIe(E0, E, t)
dσ
dx
e
−Lsh
(
1
lφ
+ 1
λ
)
(1− e−Ldec/lφ), (3.48)
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where M is the mass of the target atom (aluminium); Ne is the number of incident electrons;
X is the unit radiation length of the target; E0 is the incoming electron beam energy,
Emin = me + max(mφ, Ecut) and xmin =
max(mφ,Ecut)
E
where Ecut is the measured energy
cutoff depending on the detectors; xmax, which is smaller but very close to 1 (xmax can
be approximated to be 1 − me
E
if the new particle and electron initial and final state are
collinear); T = ρLsh/X where ρ is the density of the target; lφ is the decay length of the
new particle in lab frame; λ is the absorption length of the new particle passing through the
target and shield; Ie, derived in Ref. [41], is the energy distribution of the electrons after
passing through a medium of t radiation length
Ie(E0, E, t) =
(
ln E0
E
)bt−1
E0Γ(bt)
, (3.49)
where Γ is the gamma function and b = 4/3. For beam dump E137 which we take as our
prototypical setup, E0 = 20 GeV and Ecut = 2 GeV; Ne = 1.87 × 1020; Lsh = 179 m and
Ldec = 204 m. The experiment has a null result which translates to 95% C.L. of Nφ to be 3
events.
3.7 Exclusion Plots
In figure 3.9, we show regions of coupling and mass excluded by the lack of a signal at E137 for
scalar boson, using the three different ways, Eq. (3.35,3.36,3.39), to calculate the differential
cross section, dσ/dx. The error caused by approximation is almost indistinguishable in this
log-log plot across several order of magnitude.
In figure 3.10, using Eq. (3.35), we show regions of coupling and mass excluded by the
lack of a signal at E137 for other bosons. In the region where mφ > 2me the exclusion plots
are similar with each other, however, in the region where mφ < 2me the exclusion plots are
very different because the the decay widths for different bosons are fundamentally different.
In figures 3.11–3.14, using Eq. (3.35,3.36,3.39), we show the exclusion regions using the
three different ways to calculate the differential cross section. Because of the exponential
factor from decay and absorption lengths, the error in the exclusion plot due to making
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Figure 3.9: Exclusion (shaded region) plot for scalar using the beam dump experiment
E137. The solid green, dashed red, and dotted blue lines correspond to the differential cross
section with no, WW, and IWW approximation.
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Figure 3.10: Exclusion (shaded region) plot for pseudoscalar (black), vector (dashed blue),
and axial-vector (dotted red) bosons without approximation using the beam dump experi-
ment E137.
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Figure 3.11: Exclusion (shaded region) plot for S using the beam dump experiment E137:
(a) The solid black, dashed red, and dotted blue lines correspond to using the differential
cross section with no, WW, and IWW approximation. (b) The solid red and dashed blue
lines correspond to the relative error of the exclusion boundary for a fixed value of mφ with
WW and IWW approximation. The thin and thick lines correspond to the upper and lower
boundaries of the exclusion plot. The relative error is defined in figure 3.3.
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Figure 3.12: Exclusion (shaded region) plot for P : See caption of figure 3.11 for detail.
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Figure 3.13: Exclusion (shaded region) plot for V : See caption of figure 3.11 for detail.
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Figure 3.14: Exclusion (shaded region) plot for A: See caption of figure 3.11 for detail.
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approximations to the cross section is smaller along the upper boundary, which is mainly
determined by whether φ lives long enough to make it to the detector. With the WW ap-
proximation, the 100% error in cross section causes an error of less than 20% along the lower
boundary, and in a log-log plot across several scales, a 20% error is almost indistinguishable
by eyesight. On the other hand, with the IWW approximation, the difference is clearly visi-
ble when mφ & 100 MeV. In the region where mφ > 2me, the relative errors of the exclusion
plots boundary for different bosons are similar based on the same reason which causes the
similar relative errors of the cross section: the approximations deal with the phase space
integral and the kinematics for different bosons are similar.
In figures 3.9 and 3.10, we see that the absorption process, Eq. (3.44), cuts off the
exclusion plot around  ∼ O(1) where the coupling of φ to electrons is of same order of the
electromagnetic coupling. Therefore, in this region, there is another significant process to
consider for beam dump experiments. This is the trapping process due to the rescattering
e(p) + φ(k)→ e(p′) + φ(k′). (3.50)
The trapping process is expected to be as important as the absorption process in this example
(new bosons and beam dump E137), and also cuts off the exclusion plot around  ∼ O(1).
However, in figures 3.9 and 3.10 the region where  ∼ O(1) has been excluded by other
experiments, such as electron g−2 [42, 43] and hydrogen Lamb shift [44], which are discussed
in chapter 4. Therefore we do not include the trapping process, but it might be crucial for
other experiments.
3.8 A Positive Signal: Production of a New Scalar Boson
To further explore the accuracy of the approximations to the cross section, let us imagine
that there is a signal of a new scalar boson being produced at a beam dump experiment.
In such a case, the mass and the coupling of this particle can be determined by examining
the data, i.e., the distribution of events as a function of energy deposited in the detector.
We perform 3 sets of pseudoexperiment by using the setup of E137; assume that the scalar
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boson exists with (mφ, ) = (110 MeV, 10
−7), (mφ, ) = (200 MeV, 1.3× 10−7), and (mφ, ) =
(0.3 MeV, 8× 10−6), which are outside of the current exclusion in figure 3.9. We increase the
incoming beam luminosities by 36, 36, and 137 times (increasing the total number of electrons
dumped into the target), so that the expected total number of events is around 100, 100, and
400. We assume that the resolution of the detector is 1 GeV (which means that there are 18
bins) and generate the “observed” number of events using a Poisson distribution with the
mean value from the complete calculation for each bin. Finally, we can fit the “observed”
data with the calculation with no, WW, and IWW approximation using χ2 test, and we
assume that the variance of the calculated value also satisfies Poisson distribution (i.e. we
ignore systematic errors on the observed numbers of events for simplicity). Therefore, the
definition of χ2 becomes
χ2 =
∑
i
(Ncal,i −Nobs,i)2
σ2i
=
(Ncal,i −Nobs,i)2
Ncal,i +Nobs,i
(3.51)
where Ncal and Nobs are calculated and “observed” number of events; the subscript i is for
the bins. Since there are two independent parameters (mass and coupling) to fit, the 1σ and
2σ range correspond to ∆χ2 = 2.30 and ∆χ2 = 6.18, where ∆χ2 = χ2 − χ2min.
We show the results of these pseudoexperiments with (mφ, ) = (110 MeV, 10
−7) in figure
3.15, (mφ, ) = (200 MeV, 1.3× 10−7) in figure 3.16, and (mφ, ) = (0.3 MeV, 8× 10−6) in
figure 3.17. We see that the “true” parameter values lie within the 1σ allowed regions when
fitting with the complete calculation. On the other hand, although using approximation
sometimes gives a fairly good estimate of cross section, the result of data fitting lies outside
the 2σ range. It is worth noting that the shape of the 1σ or 2σ range is roughly along the
exclusion boundary in figure 3.9, because the exclusion boundary is the isocontour of the
number of events.
Next, we consider another scenario of the third pseudoexperiment with (mφ, ) = (0.3 MeV, 8× 10−6).
In this part of parameter space, the allowed coupling and mass can extend over roughly an
order of magnitude. To illustrate the usefulness of the complete calculation, we perform fits
to this data assuming that there is another experimental result that can sensitively measure
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Figure 3.15: Assuming the scalar boson exists with (mφ, ) = (110 MeV, 10
−7) and is ob-
served in E137 with 36 times luminosity. (a) The number of events distribution with respect
to the energy of the scalar boson: the thin red line is obtained by the complete calculation
(no approximation), and the thick black lines is the “data” generated by Poisson distribution
with mean value given by the complete calculation. (b) The best fit point, 1σ range, and
2σ range with no, WW, and IWW approximation: the star is the “true” value; the circle,
triangle, and squares are the best fit parameters with no, WW, and IWW approximation,
respectively; the black, dashed red, and dotted blue inner (outer) loop correspond to the
1σ (2σ) range with no, WW, and IWW approximation, respectively; the shaded area is the
excluded region with no approximation from figure 3.9. The top and bottom rows correspond
to the results of two separate pseudoexperiments.
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Figure 3.16: Assuming the scalar boson exists with (mφ, ) = (200 MeV, 1.3× 10−7) and is
observed in E137 with 36 times luminosity. See the caption in figure 3.15 for details.
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Figure 3.17: Assuming the scalar boson exists with (mφ, ) = (0.3 MeV, 8× 10−6) and
is observed in E137 with 137 times luminosity. (a)–(c) See the caption in figure 3.15 for
details. (d) Change of coordinate of χ2 fit plot: X = ln m0
1 GeV
+ ln
mφ
m0
cos θ − ln 
0
sin θ and
Y = ln 0 + ln
mφ
m0
sin θ+ ln 
0
cos θ, where θ = 42.4◦, m0 = 0.1 MeV, and 0 = 2× 10−5. This
means to rotate the coordinate 42.4◦ with respect to (mφ, ) = (0.1 MeV, 2× 10−5).
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Figure 3.18: Assuming the scalar boson exists with (mφ, ) = (0.3 MeV, 8× 10−6) and is
observed in E137 with 137 times luminosity. The number of events distribution is the same
in figure 3.17. The value of χ2 with respect to mφ (assuming  is precisely measured): the
black, dashed red, and dotted blue lines correspond to the χ2 values calculated with no, WW,
and IWW approximation. The minimum of χ2 corresponds the best fit mφ; the circle dots 
correspond to 1σ range (∆χ2 = 1); the circle crosses ⊗ correspond to 2σ range (∆χ2 = 4).
The gray vertical line indicates the true value of mφ.
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the coupling. This would be the case if recently proposed experiments involving decays of
radioactive nuclei underground see a nonzero signal [11, 45] and we can use the beam dump
experiment to determine the mass precisely. For simplicity, we assume that the other exper-
iment measures the coupling with negligible error. Since there is one parameter to fit, the
1σ and 2σ range correspond to ∆χ2 = 1 and ∆χ2 = 4. We show the results in figure 3.18.
Again as expected, we see that the “true” parameter values lie within the 1σ allowed region
when fitting with the complete calculation. Using the approximations, the “true” mass lies
outside the 2σ ranges. We observe that using the complete calculation could be crucial in
measuring the mass of a new particle in this region of parameter space.
It is worth to mention that according to 3.11(b), as expected, the WW approximation
works better for the first two pseudoexperiments (higher mass region), and the IWW is
better for the third pseudoexperiment (lower mass region).
3.9 Discussion
In the region where mφ > 2me, while the production amplitude, decay length, and the
absorption length can differ in detail for particles with different quantum numbers, they are
qualitatively similar. The approximations that we have examined deal with the phase space
integral and coupling to electromagnetism of the target nucleus. Therefore, as we expected,
the exclusion plots for different bosons are similar. On the other hand, where mφ < 2me, the
decay channels, which are very different for different bosons, result in very different exclusion
regions. New results for vector decaying to 3 photons, Eq. (3.5), and axial-vector decaying
to 4 photons, Eq. (3.6), are presented.
Including a coupling to the muon may change the situation for mφ > 2mµ [45] due to
the opening of a new channel with typically a substantial partial width. A study of the
production of vector particles in electron beam dumps that deals with some of the issues we
have addressed can be found in Ref. [46].
There are some other beam dump experiments using a Cherenkov detector, such as E141
[47] and Orsay [48]. Therefore, their exclusion plots do not extend to the region where
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mφ < 2me. We show the results of the beam dump experiments E141 and Orsay for the
scalar boson in Ref. [45].
We need to consider the LPM effect [49, 50, 51, 52] which suppresses particle production
cross section below a certain (produced particle) energy. For E137, this energy is about 12
MeV which is much smaller than the energy cutoff of the detector. Therefore we do not
consider the LPM effect in our discussion. However, for other experiments (depending on
the apparatus), the LPM effect may need to be taken into account.
In this work, we present a complete analysis of beam dump experiments. We show that a
brute-force analytical calculation is possible. Software exists using Monte-Carlo simulations,
such as MadGraph/MadEvent [53] as used in, e.g., [54], that can calculate the cross
section without using approximations. Our work can be used as a consistency check for
Monte-Carlo simulations. We show that using the WW approximation can be trusted to an
order of magnitude in cross sections and exclusion plots. Additionally our work allows us to
understand the errors introduced by the various common approximations. In certain regions
of parameter space different errors partially cancel against each other, leading to results that
are accidentally sometimes more accurate than might be expected. However, as we illustrated
with several pseudoexperiments in a range of masses, in the event of a nonzero signal, a
complete calculation can give very different results from the approximations. This could be
useful given the possibility of future electron beam dump experiments [55, 56, 57, 58, 59].
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Chapter 4
ELECTROPHOBIC SCALAR BOSONS AND MUONIC
PUZZLES
4.1 Introduction
It is known that new physics, which violates lepton universality, is a candidate to explain
both proton radius puzzle and muon anomalous magnetic moment problem simultaneously
[5, 7, 11]. The pseudoscalar and axial-vector bosons can not be the candidate because they
have contributions to (g − 2)µ with the wrong sign [60]. Furthermore we will show that
the vector boson can not be the candidate either because the vector boson contribution to
the proton radius puzzle is ruled out by the hyperfine splitting of the muonic hydrogen.
Therefore, the only candidate is the scalar boson. We proceed assuming that the existence
of a scalar boson, φ, resolves the source of proton radius puzzle and (g − 2)µ problem.
To investigate this hypothetical φ, we make a general assumption that φ couples to
standard model particles through Yukawa interactions
L ⊃
∑
f
efφΨfΨf (for scalar),
L ⊃
∑
f
efφµΨfγ
µΨf (for vector) (4.1)
where f = gf/e; e is the electric charge of the proton; the subscript f is particle label, which
in our case can be taken as electron e, muon µ, proton p, and neutron n. The one boson
exchange potential between flavor 1 and 2 is
V (r) = (−1)s+1f1f2α
e−mφr
r
(4.2)
where s is the spin of the boson. Other articles have pursued the same idea, however, using
further assumptions, e.g. in [7], p = µ is assumed; in [11], mass-weighted coupling is
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assumed; n is neglected in both [7, 11]. In this chapter, we make no a priori assumptions
regarding signs or magnitudes of the coupling constants. If the new physics is the solution to
the proton radius puzzle, µ and p have the same (opposite) sign for scalar (vector) boson.
Without loss of generality, we set both p and µ to be positive for scalar (p > 0 and µ < 0
for vector), and e and n can have either sign.
The outline of this chapter is as follows. In section 4.2, we discuss the experiments and
observables which are used to constrain the parameters of the new boson. In section 4.3, we
show the exclusion plots for e, µ, p and n with respect to mφ. A discussion is presented
in section 4.4
4.2 Experiments ans Observables
4.2.1 Hyperfine Splitting
The vector boson has contribution to the hyperfine splitting which could be used as a con-
straint (the scalar boson does not contribute to the hyperfine structure). The additional
vector boson contribution to the ground state is given by [61, 62]
∆Ehfs
Ehfs
= pµ
2αmpµ
pimp
K
(
m2φ
m2p
)
(4.3)
where mpµ is the reduced mass of the proton and muon, and
K(s) = 2
(s
4
+ 2
)√4
s
− 1 tan−1
√
4
s
− 1 +
(
s
4
+
3
2
)
ln s− 1
2
. (4.4)
On the other hand, the current measurement on the muonic hydrogen ground state hyperfine
splitting is agreed with the theoretical prediction [63]∣∣∣∣∆EhfsEhfs
∣∣∣∣ < 2.88× 10−7 (4.5)
where we take 2 standard deviation (S.D.).
66
= + +·· ·+
Figure 4.1: The diagrams to calculate anomalous magnetic moment: The leading contribu-
tion of the new boson is the third diagram on the right side.
4.2.2 Anomalous Magnetic Moment
Anomalous magnetic moment of a lepton is shifted by the new boson contribution, see figure
4.1, by [64, 7]
∆al =
α
2pi
2l ξ
(
mφ
ml
)
(4.6)
where l = gl/e and
ξ(x) =
∫ 1
0
(1− z)2(1 + z)
(1− z)2 + x2z dz (for scalar),
ξ(x) =
∫ 1
0
2z(1− z)2
(1− z)2 + x2zdz (for vector). (4.7)
Ref. [42] emphasizes that the measurement of (g − 2)e is used to extract the fine structure
constant. The shift of (g−2)e caused by φ results in the shift of measured α by ∆α = 2pi∆ae.
Therefore, a measurement of α which is not directly from (g − 2)e and not sensitive to the
new boson is needed.
Currently, one of such experiments is extracting the fine structure constant through the
measurement involving 87Rb atom,
α2 =
2R∞
c
mRb
me
h
mRb
(4.8)
where the measurements of the Rydberg constant R∞ [3], the mass ratio mRb/me [65],
and h/mRb [43] are not sensitive to the existence of the new boson. The fine structure
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constant α deduced from the relation gives 0.66 ppb uncertainty and ∆α must not exceed
it, ∆α/α ≤ 1.3× 10−9 (taking 2 S.D.). For (g− 2)µ, the new boson can directly explain the
discrepancy, ∆aµ.
4.2.3 Bhabha Scattering
Bhabha scattering (e+e− → e+e−) is used to search for the new boson by looking for a
resonance. Motivated by earlier results from heavy-ion collisions near the Coulomb barrier,
a group [66] used a clean time-stable monoenergetic positron beam incident on a metallic Be
foil. No resonances were observed at the 97% C.L. within the experimental sensitivity of 0.5
b eV/sr (c.m.) for the energy-integrated differential cross section. Given the small value of
e the only relevant process is the s-channel exchange of a φ boson (the interference effect
gives zero contribution at the resonance energy). Using a narrow width approximation, the
energy-integrated differential cross section in c.m. frame is given by∫
d
√
s
dσ
dΩ
= 2e
αpi
4mφ
√
1− 4m
2
e
m2φ
(for scalar),
∫
d
√
s
dσ
dΩ
= 2e
3αpi
8mφ
1 + 8m
2
e
m2φ
+ cos2 θ
(
1− 4m2e
m2φ
)2
(
1 + 2m
2
e
m2φ
)(
1− 4m2e
m2φ
)1/2 (for vector) (4.9)
where θ is the scattering angle between 80◦ and 100◦ in the CM frame.
4.2.4 Beam Dump Experiments
Beam dump experiments have long been used to search for light, weakly coupled particles
that decay to leptons or photons [24, 32, 25]. If coupled to electrons, φ bosons could be pro-
duced in such experiments and decay to e+e− or γγ pairs depending on its mass. Previous
work [25] simplified the evaluation of this cross section by using the Weizsa¨cker-Williams
(WW) approximation, by making further approximations to the phase space integral, as-
suming that the mass of the new particle is much greater than electron mass, and can’t be
used if mφ < 2me. Our numerical evaluations (discussed in chapter 3) do not use these
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assumptions and thereby allow us to cover the entire mass range. Our analysis uses data
from the electron beam dump experiments E137 [32], E141 [47], and Orsay [48].
4.2.5 Neutron-Nucleus Scattering
The neutron-nucleus scattering experiment, which uses n−208Pb scattering below 10 keV
and assume the new boson couples equally to nucleons, gives a 2 S.D. exclusion constraint
on gN in [67]. However, the previous constraint assumed the new particle couples equally to
proton and neutron, i.e. gN = gp = gn. In our case, we have no such assumption and the
new boson can couple to proton and neutron arbitrarily. Therefore we make the following
replacement
g2N
4pi
→ αA− Z
A
2n + α
Z
A
pn (4.10)
in the constraint obtained in [67].
4.2.6 NN Scattering Length Difference
The nucleon-nucleon scattering length difference is defined as ∆a = a¯ − anp where a¯ =
(app + ann)/2. ∆a
exp = 5.64(60) fm [68] is explained very well by the theory calculation
∆ath = 5.6(5) fm [69]. The existence of the new boson gives an extra contribution
∆aφ = a¯anpM
∫ ∞
0
∆V u¯unpdr (4.11)
where M is the average of the nucleon mass;
∆V = (−1)s+1 1
2
α(p − n)2 e
−mφr
r
; (4.12)
u(r) is zero energy 1S0 wave function normalized so that u(r) → (1 − r/a) as r → ∞. We
calculate u(r) using the gaussian model [70]. ∆aφ can not be greater than 1.6 fm (taking 2
S.D.) to spoil the existing agreement.
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Figure 4.2: The diagrams to calculate the nucleon self-energy in matter: On the right side,
the second and third diagrams are the Hartree and Fock diagrams, respectively.
4.2.7 Nucleon Binding Energy in (N=Z) Nuclear Matter
Nucleon binding energy in (N=Z) nuclear matter is the volume term per nucleon in the semi-
empirical mass formula. It gains an additional contribution due to the new boson. Using
the Hartree approximation (the contribution from the Fock approximation is negligible if
mφ < 100 MeV), see figure 4.2 and Refs. [71, 72], we have
δBN =
gN(gp + gn)ρ
2m2φ
(4.13)
where gN is gp or gn, and ρ ≈ 0.08 fm−3 is the proton (neutron) density. The averaged
nucleon binding energy in nuclear matter is given by
δB =
δBp + δBn
2
=
(gp + gn)
2ρ
4m2φ
(4.14)
which must not exceed 1 MeV to avoid problems with existing understandings of nuclear
physics.
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4.2.8 3He−3H Binding Energy Difference
The 3He−3H binding energy difference is 763.76 keV, which is nicely explained by the effect
of Coulomb interaction (693 keV) and charge asymmetry (about 68 keV) [73, 74, 75, 76].
Other contributions must not exceed about 30 keV to spoil the agreement. The contribution
to the binding energies difference from the new boson can be estimated by using Yukawa
potential and the wave function extracted from elastic electron-nuclei scattering
2α√
3pi
∫ ∞
0
q2dq
2p − 2n
q2 +m2φ
F (q2) < 30 keV (4.15)
where F = FS + FV ; FS and FV are determined through 2F
3He = (2GpE + G
n
E)FS + (G
p
E −
GnE)FV and F
3H = (GpE + 2G
n
E)FS − (GpE −GnE)FV ; GpE (GnE) is the proton (neutron) electric
form factor; F
3He (F
3H) is 3He (3H) charge form factor.
4.2.9 Lamb Shift
Lamb shift in the 2S-2P transition of lepton-nucleus bound state due to the new boson using
first order perturbation theory is given by [7]
δElNL = (−1)s+1
α
2alN
l[Zp + (A− Z)n]f(alNmφ) (4.16)
where f(x) = x2/(1 + x)4; the Bohr radius alN = (αmlN)
−1; mlN is the reduced mass of
lepton-nucleus system. The current extremely high level of agreement between calculated
and experimentally measured energy levels of hydrogen [44]. An empirical rule was developed
in [77, 78, 79]. To avoid spoiling this agreement, the new boson contribution must be no
more than the experimental uncertainty, 7 kHz. Therefore δEHL < 14 kHz (taking 2 S.D.).
For muonic hydrogen, if the new boson is the missing piece of the proton radius puzzle,
δEµHL = −0.307(56) meV [1, 2, 3, 80].
For muonic deuterium (µD), the contribution to the muonic Lamb shift caused by the
new boson, δEµDL = −0.409(69) meV [80, 81], can be extracted from the difference of the
charge radius of deuteron from the muonic Lamb shift measurement rµD = 2.12562(78) fm
[82] and CODATA (2014) rD = 2.1213(25) [3] from electronic experiments.
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The preliminary unpublished results on the Lamb shift of muonic helium-4 ion (µ4He+)
have important implications for the new boson. For µ4He+, δEµ
4He+
L = −1.4(1.5) meV [80],
which is extracted from the muonic Lamb shift measurement rµ4He = 1.677(1) fm [83] and
elastic electron scattering r4He = 1.681(4) fm [84].
4.2.10 A1 at MAMI and BABAR 2014
The A1 Collaboration at Mainz Microtron [85] used the electron beam hitting 181Ta foils to
look for the dark photon production with the similar process at figure 3.1. In 2014, BABAR
[86] searched for dark photon in the reaction e+e− → γA′, A′ → l+l− (l = e, µ). The data
was collected at Υ(4S), Υ(3S), and Υ(2S) resonance peaks.
Both experiments reported null results, and give constraints above tens of MeV.
4.3 Exclusions
4.3.1 ruling out the vector boson
In figure 4.3, using the constraint of the muonic hydrogen ground state hyperfine splitting, the
allowed parameter space of the vector boson to solve the proton radius puzzle is completely
inside the exclusion region. Therefore the vector boson is ruled out.
4.3.2 constraints on p and n
Using the above experiments, we begin to constrain the parameter space of the scalar boson.
The (g − 2)µ experiment shows µ as a function of mφ (4.6); the Lamb shift of muonic
hydrogen shows p as a function of µ and mφ (4.16). Solving these two equations, we obtain
allowed p value as a function of mφ (taking 2 S.D.)
p =
δEµHL aµH
f(aµHmφ)
√
2ξ(mφ/mµ)
αpi∆aµ
. (4.17)
which is shown as solid black lines in figure 4.4.
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Figure 4.3: Exclusion of the vector boson (shaded regions are excluded): the region above
the black line is excluded by the muonic hydrogen ground state hyperfine splitting, and
between the two dashed red lines is the allowed region for vector boson to solve the proton
radius puzzles. The vector boson is ruled out.
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Figure 4.4: Exclusion plot for p (shaded regions are excluded): between the black lines
are allowed p as a function of mφ (4.17) by solving (g − 2)µ and proton radius puzzles
with scalar boson as the explanation; the dashed blue and dotted red lines correspond to
the constraints from the nucleon binding energy in nuclear matter and the 3He−3H binding
energy difference; the isolated lines are taking n = 0 and the shaded regions are excluded
with the constraint on n/p in figure 4.5.
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Figure 4.5: Exclusion plot for n/p (shaded regions are excluded): the black, dashed
blue, dotted red, and dotted dashed green lines correspond to the constraints from n−208Pb
scattering, µD Lamb shift, µ4He+ Lamb shift, and NN scattering length difference. Since
the measurement of µ4He Lamb shift is preliminary, we use 3 S.D..
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Bofore we further constrain p, we need to constrain the relation between n and p to
separate their contributions in various of experiments involving nucleons. Using the neutron
experiments, NN scattering length difference, and (4.17); using the µD and µ4He Lamb shift,
and comparing them to µH to obtain the ratio n/p derived from (4.16)
(A− Z)n
p
=
δEµNL
δEµHL
aµN
aµH
f(aµHmφ)
f(aµNmφ)
− Z, (4.18)
we constrain the ratio n/p in figure 4.5. Since the measurement of µ
4He Lamb shift is
preliminary, we use 3 S.D. as a constraint.
Next, using the nucleon binding energy in nuclear matter, the 3He−3H binding energy
difference, and the constraints on n/p, we constrain the parameter space in the p − mφ
plane in a finite range. The allowed mass range is 0.167 < mφ (MeV) < 59.8 for the scalar
boson, see figure 4.4.
4.3.3 constraints on µ
The allowed µ value as a function of mφ from (g − 2)µ experiment (4.6) is
µ = (−1)s
√
2pi∆aµ
αξ(mφ/mµ)
. (4.19)
Combining with the allowed the new boson masses range from figure 4.4, we obtain the
allowed parameter space in the µ −mφ plane in figure 4.6.
4.3.4 constraints on e
In figure 4.7, we present the constraints on the scalar boson coupling to electrons, e, as a
function of mφ from electron anomalous magnetic moment, resonance of Bhabha scattering,
beam dump experiments (E137, E141, and Orsay), A1 at MAMI, BABAR 2014, and hydro-
gen Lamb shift with (4.17). In addition we indicate (via two vertical lines) the allowed mass
ranges for φ, taken from figure 4.4.
In figure 4.8, we show the constraints on the vector boson couplings to electron for general
purpose.
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Figure 4.6: Exclusion plot for µ (shaded region is excluded): between the solid and dashed
lines are from (g − 2)µ, Eq. (4.19) taking 2 S.D.. The region between the dashed lines is
excluded by allowed scalar boson mass in figure 4.4.
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Figure 4.7: Exclusion plot for e (shaded regions are excluded): the thick red, thin blue,
and dashed yellow, and thick dashed green lines correspond to the constraints from elec-
tron anomalous magnetic moment (g − 2)e, beam dump experiments, resonance of Bhabha
scattering, and Lamb shift of hydrogen with Eq. (4.17). A1 at MAMI and BABAR 2014
constraints are at the upper right corner. Between the two vertical gray lines are allowed
scalar boson mass range from figure 4.4. The regions A and dotted region B are covered by
proposed experiments (see section 4.4 for more detail).
78
10-1 1 10 10210-8
10-6
10-4
10-2
mϕ (MeV)
|ϵ e|
E141
Orsay
E137
BABAR
2014
A1
vector
e
+
e
-Δae
Figure 4.8: Exclusion plot for e (shaded regions are excluded): the thick red, thin blue, thin
dashed yellow lines correspond to the constraints from electron anomalous magnetic moment
(g − 2)e, beam dump experiments, and resonance of Bhabha scattering. A1 at MAMI and
BABAR 2014 constraints are at the upper right corner.
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4.4 Discussion
In figure 4.7, we label two allowed regions in the (mφ, e) plane in figure 4.7: A, where
10 MeV . mφ . 70 MeV, 10−6 . e . 10−3, and B, where 100 keV . mφ . 1 MeV,
10−8 . e . 10−5. There are a number of planned electron scattering experiments that will
be sensitive to the scalar bosons with parameters in Region A, such as, e.g., APEX [54, 56],
HPS [87], DarkLight [88, 89], VEPP-3 [90], and MAMI or MESA [46]. As studied in Ref. [11],
region B can be probed by looking for scalars produced in the nuclear de-excitation of an
excited state of 16O. We have translated this region of couplings 10−11 ≤ pe ≤ 10−7 from
Ref. [11] to show on our plot by taking p → p + n (since 16O has an equal number of
neutrons and protons), using n/p from figure 4.5 and fixing p according to Eq. (4.17).
We do not show limits derived from stellar cooling that are sensitive to mφ . 200 keV [91]
since the lower bound on the mass is similar to the one we have derived. Additionally, we
note that constraints from cooling of supernovae do not appear in figure 4.7. This is because
the required value of gp is always large enough to keep any new bosons produced trapped in
supernova, rendering cooling considerations moot [92]. The effects of this scalar boson may
have cosmological consequences, beyond the scope of this discussion.
We summarize some conclusions of the parameter space discussed above:
1. The vector boson is ruled out by including the constraint of the muonic hydrogen
ground state hyperfine splitting.
2. The range of allowed mφ is widened from a narrow region around 1 MeV in [7] to the
region from 167 keV to 59.8 MeV for scalar boson allowing p 6= µ .
3. We carefully deal with n instead of neglecting it. In particular, as seen in figure 4.4,
allowing n to be of the opposite sign of p opens up the parameter space.
4. The constraint on e at mφ = 1 MeV is improved by two order of magnitude for scalar
and one order of magnitude for vector compared with [7] by using the electron beam
80
dump experiments.
5. Near the maximum allowed mφ, the allowed couplings are relatively large providing
ample opportunity to test this solution.
6. All of the allowed values of e are smaller than the required value of µ, thus the name
electrophobic boson is applicable.
Our discussion thus far has been purely phenomenological, with no particular UV com-
pletion in mind to relate the couplings of fermions with the same quantum numbers (here
the electron and muon). From the model-building point of view, there are motivations that
the couplings of scalars to fermions in the same family are mass-weighted–in particular, for
the leptons, |µ/e| = (mµ/me)n with n ≥ 1. This is because, generally, coupling fermions to
new scalars below the electroweak scale leads to large flavor-changing neutral currents (FC-
NCs) that are very strongly constrained, e.g. in the lepton sector by null searches for µ→ e
conversion, µ→ 3e, or µ→ eγ. A phenomenological ansatz for the structure of the scalars’
couplings to fermions that avoids this problem is that its Yukawa matrix is proportional
to that of the Higgs. This scenario has been termed minimal flavor violation (MFV), see
e.g. [93]. In that case, both the Higgs and scalar couplings are simultaneously diagonalized
and new FCNCs are absent. The main phenomenological consequence of this is that scalars’
coupling to a lepton is proportional to a power of that lepton’s mass, ` ∝ mn` with n ≥ 1.
In the context of a given model, i.e. for fixed n, we can relate figures 4.6 and 4.7. Region
A largely corresponds to 0 < n . 1, which, is less well-motivated from a model building
perspective. 1 . n . 2 is well-motivated and fits into Region B. To obtain e . 10−7, n & 2
is required.
Building a complete model, valid at high energy scales, leading to interactions at low
energies is not our purpose. However, we outline one simple possibility. In the lepton
sector, couplings to scalar could arise through mixing obtained via a lepton-specific two
Higgs doublet model, which would automatically yield MFV [94]. In the quark sector,
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coupling to a light boson via mixing with a Higgs is very tightly constrained by null results
in K → pi and B meson decays (see, e.g., Ref. [95]) decays. However, as in Ref. [96], heavy
vector-like quarks that couple to scalar and mix primarily with right-handed quarks of the
first generation due to a family symmetry are a possibility. The coupling strength of φ
to u and d quarks could differ leading to different couplings to neutrons and protons. If,
e.g., gd/gu ∼ −0.7 then gn/gp ∼ −0.3, which, as we see in figure 4.5, is comparatively less
constrained.
The existence of a scalar boson that couples to muons and protons does account for the
proton radius puzzle. The coupling to electrons is found here to be so small that for most
of the parameter space it is hard to detect by a variety of experiments involving electrons,
except in region A and B in figures 4.7 and 4.8. Although the coupling to muons and protons
is sufficiently large to resolve the proton radius puzzle, these couplings are also sufficiently
small to prevent detection with currently feasible experiments. Using nucleon experiments
are difficult, because the new physics signal is usually buried under strong interaction and
it also needs to separate the contributions of proton and neutron carefully. However, near
the maximum allowed mφ, the allowed p is near 0.3 which may be probable by using low
energy proton experiments, such as threshold φ production in pp interaction. Proton or muon
beam dump experiments could also be used [97]. For experiments involving muons, one might
think of using muon beam dump experiments, such as the COMPASS experiment as proposed
in [98]. The MUSE experiment [99] plans to measure µ± and e±-p elastic scattering at low
energies. Our hypothesis regarding the φ leads to a prediction for the MUSE experiment even
though its direct effect on the scattering will be very small [100]: the MUSE experiment will
observe the same ‘large’ value of the proton radius for all of the probes. Another possibility
is to study the spectroscopy of muonium (the bound state of e− and µ+) or true muonium
(the bound state of µ− and µ+). Perhaps the best way to test the existence of this particle
would be an improved measurement of the muon anomalous magnetic moment [101]. The
existence of a particle with such a limited role may seem improbable, considering the present
state of knowledge. However, such an existence is not ruled out.
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Chapter 5
CONCLUSION
Motivated by proton radius puzzle and muon anomalous magnetic moment discrepancy,
we propose new physics to solve these two puzzles. In chapter 2, we begin to search for a
new scalar boson by using polarized lepton-nucleon elastic scattering. However, we showed
that it is very difficult and probably not achievable experimentally in the next few decades.
We expect that it is similar with the vector boson. Therefore, in chapter 3, we move on
to the beam dump experiments. We calculated the cross section without approximations in
the phase space integral and we include the production of new scalar, pseudoscalar, vector,
and axial-vector bosons for general purpose. In chapter 4, we pursue the idea that the new
physics can solve two muonic problems simultaneously, and we showed that the scalar boson
is the only candidate. We have done a general model independent analysis, showed the
constraints of e, µ, p, n, and mφ for both, and pointed out that where to look for such
new physics in the future experiments.
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